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1. Introduction and motivation

“Soft set theory” was introduced as a general mathematical tool for dealing with encountered difficulties and problems in
medical science, social science, engineering, economics etc. [1]. Many researchers have been studying some topological
concepts with basic properties and some generalizations of a soft topological space via different approaches (for example, see
[2]-[15]). Also some applications of the soft set theory were obtained to other sciences such as medical science, food science,
insurance, investment etc. (see [16]-[26] for some examples). Recently, different decision making applications have been
studied (for example, see [27]-[30]).

“Mixed structure has”’been studied on various topological spaces such as a soft topological space, a generalized topological
space etc. Using the mixed structure, some topological notions have been generalized with a new approach. For example,
some mixed sets and mixed continuities were defined on a generalized topological space (resp. on a soft topological space)
(see [31]-[37]).

“Pasting lemma” is one of the most important notions on a topological space for continuous functions. Especially, it has a

significant place in algebraic topology. Recent years, some new forms of the pasting lemma have been introduced by many
mathematicians (for example, see [15], [38]-[42] and the references therein).

Motivated by the above studies, we present two new version of the pasting lemma using mixed structure on a soft topological
space. For this purpose, we introduce the notions of (71, 7;)-g-closed soft set, a (7;, T2 )-gpr-closed soft set, mixed soft
pre closure and mixed soft pre interior. We prove some topological properties of these new notions. Also we give some
counter examples for necessary relationships. We define the notions of mixed g-soft continuity and mixed gpr-soft continuity
between two soft topological spaces (X, 71,A;), (X, T2,A;) and a soft topological space (X, 7,A,). Finally, we establish two
new versions of the pasting lemma for mixed g-soft continuous functions and mixed gpr-soft continuous functions on a soft
topological space.
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2. Preliminaries

In this section, we recall some basic concepts related to soft set theory. Throughout this paper, we assume that X is an initial
universal set, A is a nonempty set of parameters and Aj,Ay C A.

Definition 2.1. [1] Let ¢ : A| — P(X) be a mapping. Then a pair (¢,A1) is called a soft set over X. SS(X)a denotes the
family of all soft sets on X.

Definition 2.2. [7] Let (¢,A;) be a soft set over X. N
(1) (¢,A1) is called a null soft set if §(e) = 0 for all e € Ay. It is denoted by 0. B
(2) (¢,A1) is called an absolute soft set if ¢ (e) = X for all e € Ay. It is denoted by X.

Definition 2.3. [7] Let (¢,A1) € SS(X)a, and (¢,Az) € SS(X)a,.
(1) (¢,A1) is called a soft subset of (9,A2) if A| C Ay and ¢(e) C @(e) for all e € A;. It is denoted by

((P,A])C((P )
(2) (9,A,) is called soft equal to (¢,Az) if (¢,A1)C(@,Az) and (9,A)C(¢,Ay). It is denoted by
(‘PaAl) = ((PaAZ)

Definition 2.4. [10] Let (¢,A1), (¢,A1) € SS(X)a,
(1) The complement of (¢,A) is defined as

(¢,A1)° = (¢, A1),

where §¢(e) = (¢(e))* =X — @(e) forall e € A;.
(2) The difference of (¢,A1) and (@,A;) is defined as

(9,41) = (9,A1) = (¢ — @, A1),
where (¢ — @)(e) = @(e) — @(e) forall e € Ay.

Definition 2.5. [14] Let J be an arbitrary index set and {(¢;,A)},.; be a subfamily of SS(X)a.
(1) The union of these soft sets is the soft set (¢,A), where

p(e) = U di(e),

icJ
foreach e € A. It is denoted by U((}Si,A) = (@,A).
icJ

(2) The intersection of these soft sets is the soft set (0,A), where

6(e) = N di(e),

icJ
for each e € A. It is denoted by ﬁ(qﬁi,A) =(6,A).
il

Definition 2.6. [10] Let (¢,A;) € SS(X)a
is denoted by x € (¢, A;).

A, and x € X. The point x is called in the soft set (¢,A1) if x € ¢ (e) forall e € Ay. It

Definition 2.7. [10] Let (¢,A) € SS(X)x and Y a nonempty subset of X. The sub soft set of (¢,A) over Y, denoted by (¥ ¢,A),
is defined by

"o(e)=YNg(e),
forall e € A. In other words, (Y ¢,A) =Y N (9,A).

Definition 2.8. [10] Let T be the collection of soft sets over X. Then 7 is called a soft topology on X if the following conditions
hold:

(n)0,X e

(t2) The intersection of any two soft sets in T belongs to T.

(3) The union of any number of soft sets in T belongs to T.

The triple (X,T,A) is called a soft topological space over X.

Definition 2.9. [10] The members of T are said to be T-soft open sets or soft open sets in X and also a soft set over X is called
soft closed in X if its complement belongs to T.

OS(X,7,A) or OS(X) denotes the set of all soft open sets over X and CS(X,t,A) or CS(X) denotes the set of all soft closed
sets.
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Definition 2.10. [/0] Ler (X, 7,A) be a soft topological space over X and Y a nonempty subset of X. Then
v ={("9,4):(¢,4) € 7}
is called the soft relative topology on'Y and (Y, ty,A) is called a soft subspace of (X,T,A).

Theorem 2.11. [10] Let (Y, 1y, A) be a soft subspace of a soft topological space (X,1,A) and (¢,A) be a soft set over X. Then
(1) (9,A) is soft open in Y if and only if (¢,A) =Y N (@,A) for some (¢,A) € t.
(2) (9,A) is soft closed in Y if and only if (¢,A) =Y N (@,A) for some soft closed set (¢,A) in X.

Theorem 2.12. [10] Let (Y,1y,A) be a soft subspace of a soft topological space (X, 7,A) and (¢,A) be a soft set over X. If
Y € T then (¢,A) € 1.

Definition 2.13. [10] Let (X, T,A) be a soft topological space and (¢,A) € SS(X)a. The soft closure of (§,A) is the intersection
of all soft closed super sets of (¢,A). It is denoted by cl(¢,A) or T—cl(9,A).

Definition 2.14. [14] Let (X,1,A) be a soft topological space and (¢,A) € SS(X)a.The soft interior of (¢,A) is the union of
all open soft subsets of (¢,A). It is denoted by int(§,A) or T — int(9,A).

Theorem 2.15. [43] Let (X,7,A) bea  soft topological space and (0,A),(9,A) € SS(X)a. Then

(1) cl® =0, cIX = X, inth = Oand intX =X.

(2) (0,4)Ccl(9,A) and int (6, A)C(9,A).

(3) cl(cl(9,A)) = cl(9,A) and int(int(¢,A)) = int(¢,A).

(4) (¢,A) is a closed soft set if and only if (§,A) = cl(9,A).

(5) (9,4) is a soft open set if and only if (¢,A) = int(¢,A).

(6) (0,A)C (o, ) implies both cl(¢,A)Ccl(@,A) and int (9, A)Cint(@,A).

(7) cl(((]) A)U ))N—cl(¢7A)~Ucl((p,A) and lnt((¢,A) (9,A)) = int(¢,A)Nint (@, A).
) i, 85 A Cer(8, AVl A) e i (L6, A) g &) it STt (.

Definition 2.16. [14, 44] Let SS(X)a,, SS(Y)a, be two families of soft sets, u: X —Y and p : Ay — Ay mappings. Then the
mapping fpu : SS(X)a, = SS(Y)a, is defined as:

(1) Let (¢,A1) € SS(X)a,. The image of (¢,A1) under fuu, written as fp (¢, A1) = (fou(9), p(A1)), is a soft set in SS(Y ),
such that

U  u@®) i p'O)NAI#0
fpu(¢)(y) = { xep~l(y)NA; ,

0 otherwise

forally e As.
(2) Let (¢, Az) € SS(Y ), The inverse image of (Q,A) under fp,, written as fI;} (0,Ar) = (f[;1 (0),p 1 (A2)), is a soft set in
SS(X)a, such that

0 otherwise ’

fp_ul((p)(x) _{ w(o(p(x)) if plx) €

Sforall x € Ay.

Definition 2.17. [15] Let fp, : SS(X)a, = SS(Y)a, be a soft mapping and Z C X. Then the restriction of fpy to SS(Z)a, is the
soft mapping fpu ’SS(Z)AI from SS(Z)a, to SS(Y )a, which defined by the functions p : Ay — Ay and u|z : Z — Y where u|z is
the restriction of u to Z.

Definition 2.18. [36] Let 11, T2 be two soft topologies over X and (¢,A) € SS(X)a. Then (¢,A) is said to be

(1) (11, 7)-semi open soft if ($,A)C 12 — cl(t) — int(¢,A)),

(2) (1,7)-pre open soft if (¢,A)C 1y —int (T2 —cl(,A)),

(3) (11,2)-a-open soft if ($,A)C 1y — int(Ty — cl (1 — int (9, A))),

(4) (11,72)-B-open soft if (¢,A)CTy — cl(t) — int (T — cl(9,A))),

(5) (71, T2)-regular open soft if (¢,A) = 11 —int(1y — cl(¢,A)).

The complement of a (71, Ty)-semi open soft set ((T1,T2)-pre open soft set, (T1,T2)-Q-open soft set, (T1,T2)-B-open soft set,
(11, Ta)-regular open soft set) is called a (T1,T2)-semi closed soft set ((T1,T2)-pre closed soft set, (T1,T2)-0-closed soft set,
(11, T2)-B-closed soft set, (T1,T2)-regular closed soft set).

3. Main results

In this section, we present two new versions of the pasting lemma on a soft topological space.
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3.1. (71, 7)-g-closed soft sets and a pasting lemma

In this subsection we introduce the notion of a (7}, 7,)-g-closed soft set and investigate some properties of this new notion to
obtain a new pasting lemma on a soft topological space.

Definition 3.1. Let 71, Tp be two soft topologies over X and (¢,A) € SS(X)a. Then (¢,A) is called a (71, 72)-generalized
closed soft if v» — cl(¢,A)C(@,A) whenever (¢,A)C(@,A) and (@,A) is T1-soft open. It is denoted by (1, T2)-g-closed soft.
The complement of a (T1,T»)-g-closed soft set is (T1,T>)-g-open soft.

Example 3.2. Let X = {a,b,c}, A={e1,e2}, T1 = {6,)?, (0, C)} and 7) = {6,)’?} where (¢,8) is a soft set over X defined

as

(CvA) = {(617{61}), (62’{17})}'

Then the soft set (¢,A) = {(e1,{a,b}), (e2,{a,c})} is a (T1,72)-g-closed soft set. Indeed, if we take (@,A) = X € 1| then we
have

(7] —Cl(¢,A)§((P,A)
and
(9,4)C(,A).

Theorem 3.3. Let Ty, T» be two soft topologies over X such that ty C 1. If (¢,A)C(¢,A)CX, (9,A) is a (11, Ty)-g-closed
soft set relative to (¢,A) and (§,A) is a (T1,72)-g-closed soft set in X, then (¢,A) is (T1,T2)-g-closed soft relative to X.

Proof. Let (¢,A)C(6,A) and (6,A) is 7;-soft open. Then, using the hypothesis (¢,A)C(¢,A)CX, we have
(9.4)S(9,4)1(6,4)
and
Toya — CL(@,0)C(9,A)7(6,A).
It follows that
(6,87 (72— cl(9,A)) C(9,A)71(6,A)
and
(¢,4)2(6,8)0 (12— cl(9,4))".
Since (¢,A) is a (11, 72)-g-closed soft set and 7, C 71, then we have
T —cl(¢,A)C(0,A)T(r —cl(@,A))°.
Therefore, we obtain
7 —cl(9,A)C 1 —cl($,A)C(0,A)0 (7, —cl(9,A))°
and so
7 —cl(9,A)C(6,A).
Consequently, (@,A) is (11, 72)-g-closed soft relative to X. O

In the following theorem, we see that the union of two (7, 72)-g-closed soft sets is a (71, 72)-g-closed soft set.

Theorem 3.4. Let 71, Ty be two soft topologies over X and (¢,A),(@,A) € SS(X)a. If (¢,A) and (@,A) are two (11,72)-g-
closed soft sets then (¢,A)U(@,A) is (11, T2)-g-closed soft.

Proof. If (¢,A)O(¢,A)§(6,A) and (6,A) is a 7;-soft open set, then using the hypothesis, we get
T — cl [(¢7A)O((P7A)] == Cl((paA)OTZ - Cl((P7A)§(67A)
Hence (¢,A)U(@,A) is (11, T2)-g-closed soft. O

The intersection of two (7y, T )-g-closed soft sets is generally not a (71, 72)-g-closed soft set as seen in the following example.

Example 3.5. Let X = {a,b,c}, A={e1,e2}, T1 = {ﬁ,)?, ((j),A)} and T, = {6,)?} where (§,A) is a soft set over X defined

as

(¢7A) = {(61,{61}),(62,{61})}.
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Then the soft sets (p,A) = {(e1,{a,b}),(e2,{a,c})} and (6,A) ={(e1,{a,c}),(e2,{a,b})} are two (71, 72)-g-closed soft sets.
We get

((va)ﬁ(evA) ={(e1,{a}),(e2,{a})}
and so (¢,A)N(0,A) is not a (11, 12)-g-closed soft set.

Proposition 3.6. Let Ty, Ty be two soft topologies over X such that Ty C 1;. Let (¢,A) be a (11, 72)-g-closed soft set and (¢,A)
a Ty-soft closed set. Then (¢,A)N(@,A) is a (11, T2 )-g-closed soft set.

Proof. Since (@,A) is T,-soft closed, then (¢,A)N(@,A) is a T,-soft closed set in (¢,A) and so it is (71, 7,)-g-closed soft.
From Theorem 3.3, (¢,A)N(@,A) is a (1, T2)-g-closed soft set. O
Theorem 3.7. Let (¢,A)CYCX and (¢,A) be a (T1,72)-g-closed soft set in X. Then (¢,A) is (T1,7)-g-closed soft relative to
(Y,E).

Proof. Let (¢,A)CYN(¢,A) and (¢,A) be a 7;-soft open set in X. Then (¢,A)C (¢, A) and so by the hypothesis, we get

T — Cl<¢7A)g((p7A)
It follows that YN [y — cl(¢,A)] CY (@, A). Consequently, (¢,A) is (71, T»)-g-closed soft relative to (Y, E). O

Theorem 3.8. Let Ty, Ty be two soft topologies over X such that T, C 1y If a soft set (§,A) is (11, T2)-g-closed soft then
[ta —cl(9,A)] — (¢,A) contains no nonempty Tp-soft closed set.

Proof. Let (¢,A) be a T-soft closed set of [Ty — cl(¢,A)] — (¢,A). So we get (¢,A)C (¢, A). Since (¢,A) is (71, T2)-g-closed
soft, we have

7 —cl(9,4)C(,A)
or
(@.A)C (12 —cl(9,A))".
Thus we obtain
(9. 8)C [ —cl(9,8)] N [12 — cl($,4) = 0,
that is, (¢, A) is a null soft set. O
As a consequence of Theorem 3.8, we give the following corollary.

Corollary 3.9. Let 1), Ty be two soft topologies over X such that Ty C 1. A (11, T2)-g-closed soft set (¢,A) is Tr-soft closed if
and only if [ta — cl(9,A)] — (¢,A) is T2-soft closed.

Proof. If (¢,A) is 1»-soft closed, then we have [1, — cl(¢,A)] —
Tp-soft closed. But (¢,A) is (71, 72)-g-closed soft and [z, — (¢,
3.8, we have [Ty — cl(¢,A)] — (¢,A) = 0 and so 72 — cl(9,A) =

(¢,A) = 0. Conversely, assume that [z, — cl(¢,A)] — (¢, A) is
A)]— (¢,A) is a 7-soft closed subset of itself. From Theorem
(9,4). O

We introduce the notion of mixed g-soft continuity as follows:

Definition 3.10. Let X,Y be two initial universe sets, A1,Ay C A two sets of parameters, T1, To two soft topologies over X and
T a soft topology over Y. Assume that u:X —Y, p: Aj — Ay are two mappings and fp, : SS(X)a, = SS(Y)a, is a function.
Then fpy is called mixed g-soft continuous (briefly, (717, T)-g-soft cts) iffI;Al (©,A2) is a (11, T)-g-closed soft set for every
T-soft closed set (¢,Az) inY.

Now we present a new version of the pasting lemma in the following theorem.

Theorem 3.11. (Pasting lemma for (T, 12)-g-closed soft sets) Let X = AUB be a soft topological space with two soft topologies
71, T2 and Y a soft topological space with a soft topology t. Let fy u, : SS(A)a, —= SS(Y)a, and fpu, : SS(B)a, — SS(Y)a, be
two mixed g-soft continuous mappings where py = py : Ay — Ao, u1 : A — Y and up : B— Y are functions. Assume that A B
are two (71, Tp)-g-closed soft sets and v C 1. If ui(x) = uz(x) for every x € ANB, then f,,,, and fp,u, combine to give a
mixed g-soft continuous mapping fp, : SS(X)a, — SS(Y)a, defined by the functions p = p1 = p> and u(x) = u(x) ifx € A
and u(x) = up(x) if x € B.

Proof. Let (@,Az) be a t-soft closed set in Y. Then we can easily seen that
Sl (9.82) = £, (9.82) 0,1, (9, 2).

From the mixed g-soft continuity of f,,,,. then f, | (@,A2) is a (71, T2)-g-closed soft set in A. Since Ais (11,)-g-closed
soft, by Theorem 3.3, fp’lhl (@,A7) is a (11, T2)-g-closed soft set relative to X. Similarly, fp’zbz (,Ar) is a (11, T2)-g-closed soft

set relative to X. Also using Theorem 3.4, we get that fI;} (¢,A2) is (71, 2)-g-closed soft in X. Therefore, f, is a mixed
g-soft continuous mapping. O
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3.2. (71, 72)-gpr-closed soft sets and a pasting lemma

In this subsection, we define the notion of a (7;, 7, )-gpr-closed soft set. To do this, we introduce the notion of a mixed soft pre
closure and a mixed soft pre interior. We investigate some basic properties of these new notions.

Definition 3.12. Let X be a soft topological space with two soft topologies Ty, T, and (¢,A) € SS(X)a.
(1) The mixed soft pre closure of (¢,A) is defined by

71T — pel(9,A) =N {( A): (¢,A)C(@,A) and (9,A) is (t1,7)-pre closed soft}.

(2) The mixed soft pre interior of (¢,A) is defined by

0%~ pint(9,4) = U{(9,4): (9,A)2(9,4) and (9,4) is (71, 72)-pre open soft .

We give some properties of (7,72 )-pre open soft sets to obtain some basic theorems related to mixed soft pre closure and
mixed soft pre interior.

Theorem 3.13. Arbitrary union of (71, T2)-pre open soft sets is a (T, T, )-pre open soft set.
Proof. Let of = {(¢,A);:i € I} be acollection of (71,7, )-pre open soft sets. Then we have
(0,A);Ct —int(Ty — cl(9,A),),

for each (¢,A); € o7. Therefore, we get

U(9,A);C0 11 —int (1, — cl(¢,A),)] 11 — int (U1, — cl(¢,A)]) C 11 — int (12 — el (U(9,A);)).-
Consequently, U(¢,A); is a (71, T2 )-pre open soft set. O
As a result of Theorem 3.13, we give the following corollary.
Corollary 3.14. Arbitrary intersection of (71,7, )-pre closed soft sets is a (11, T2 )-pre closed soft set.

Finite intersection of (7, 72)-pre open soft sets is not always a (7, 72)-pre open soft set as seen in the following example.

Example 3.15. Let X = {a,b,c}, A= {er,e2}, 11 = {B.X,(91,4).(92.8) } and 72 = {0,%,(9,8) } where (61,4), (92,)
and (@,A) are soft sets over X defined as

(¢17A) = {(61,{a}),(€2,{b,c})},

(92,4) = {(e1,{b,c}),(e2,{a})}

and

((va) = {(617X)7(e2>{aﬂb})}'

Then the soft sets (0,A) = {(e1,{a}),(e2,{a,c})} and (y,A) = {(e1,{b}), (e2,{b,c})} are two (T1,72)-pre open soft sets. We
get

(6.0)N(y,A) = {(e1,0), (e2, {c})}
and so (8,A)N(y,A) is not a (t1,12)-pre open soft set.
Now we prove the following theorems.

Theorem 3.16. Let X be a soft topological space with two soft topologies Ty, T and (¢,A) € SS(X)a. Then the followings
hold:

(1) (¢,A) is (11, T2)-pre closed soft if and only if (§,A) = 11T, — pcl(,A).

(2) (¢,4) is (71, 72)-pre open soft if and only if (¢,A) = 117, — pint (¢, A).
B)un —pcl(b 0and 11 —pch X.

(4) 717 — pintd = 0 and 7,75 — pintX = X.

(5) 117 — pel [t17 — pel(9,A)] = 1112 — pcl (¢, A).

(6) T1Tp — pint ["L'l (9 —pint(¢,A)] =TT — pint(dLA).

(7) [m172 = pel(9,4)]° = 1172 — pint (¢, A).

(8) (1172 — pint(9,A)]° = 117 — pel(9°,A).
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Proof. (1) Let (¢,A) be a (11, T2)-pre closed soft set. Since (¢,A) is the smallest (7, 7 )-pre closed soft set containing itself,
using Definition 3.12 (1), we have (¢,A) = 71Ty — pcl(¢,A). The converse statement of the proof is clear from Corollary 3.14.
(2) Let (¢,A) be a (11, T)-pre open soft set. Since (¢,A) is the largest (7, T;)-pre open soft set contained (¢,A), using
Definition 3.12 (2), we have (¢,A) = 717 — pint(¢,A). The converse part of the proof can be easily from Theorem 3.13.

(3) Since 0 and X are (7;, 72)-pre closed soft sets, then using (1), we get 7,75 — pcl@ 0and 775 — pch X.

(4) Since 0 and X are (71, T2)-pre open soft sets, then using (2), we get T 7» — pint® = 0 and 7,7, — pintX = X.

(5) Using (1), we obtain

T1 T —pcl [Tl T —pcl(¢,A)] =TT —pCl((b,A),

since 71T, — pcl(¢,A) is (11, T2)-pre closed soft.
(6) Using (2), we get

T1Tp — pint [T T — pint (¢, A)] = 117, — pint (¢, A),

since 7,7, — pint(¢,A) is (11, T2)-pre open soft.
(7) Using Definition 2.4 (1) and Definition 3.12, we get

[t172 — pel(9, )]
- [ﬁ {( A): (6,A)C(@,A) and (9,4) is (1, 7)-pre closed softH
= U {((pC,A) (0, A)C(¢,A) and (¢, A) is (11, T2)-pre open soft}
= T —pint((PC,A).
(8) By the similar arguments used in the proof of (7), it can be easily proved. O

Theorem 3.17. Let X be a soft topological space with two soft topologies T|, Ty and (¢,A),(@,A) € SS(X)a. Then the
followings hold:

(1) If (¢,A) (@, A) then T T, — pint(9,A)CT1 T2 — pint (@, A).

(2) If(¢7A)g((va> ﬂien 1 *pCl(qbaA)ng (2} *,VPCI((PaA)'

(3) T1Tp — pcl [(q) A) ( )] =TT —pCl((b,A)UEl T — pcl(q),A).
(4) T1 T — pint [( ) ( )] =TT — pint((f),A)ﬁTl T — pil’lt((p,A).
(5) T1Ty — pcl [(q) A ] CTl’L'z —pCl((ZLA)ﬁTsz —pCl(QD,A).
(6) 7172 — pint [(¢,A)U ( )] D111 — pint(9,A)UTi 15 — pint(@,A).

Proof. (1) Using the hypothesis, we have
172 — pint($,4)S(9,4)C(9,A) = 172 — pint($,4)C (9, 4).
Since 11Ty — pint(¢,A) is the largest (71, 7> )-pre open soft set contained in (¢,A). Therefore, we get
1T — pint(9,A) ST, — pint(@,A).
(2) Since (¢,A)C 11T — pel(¢,A) and (@,A)CT1T2 — pel(@,A), we have
(6,4)C(9,4) 7172 — pel(9,A) = (¢,4)C 7% — pel (9, A).
Because 7,7, — pcl(¢,A) is the smallest (7, 72)-pre closed soft set containing (¢,A), then we obtain
717y — pel(9,A)CT1T2 — pel(@,A).
(3) We have
(¢.4)C(¢.4)0(9,A) and (9,4)C(9,4)0(@, A).
By the condition (2), we get

1% — pel(9,A)C1im — pel [(9,4)0(9,4)],

T — PCI(‘PaA)é’Fl T, — pel [(¢7A)O((P7A)]

and so

11— pel(9,A) 011 — pel(9,A) St — pel [(¢,A)0(9,A)] . (3.1)
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Conversely, we have

(9,077 — pel(9,4), (9,4)CT172 — pel(p,A)
and so

(¢,8)0(9,8)C1172 — pel(9,A)UT1 72 — pel(9,4),

thatis, 7,7 — pcl(¢,A)UT1 72 — pcl (@, A) is a (71, 72)-pre closed soft set containing (¢,A)J(@,A). Since 77, — pel [(¢,A)U(@,A)]
is the smallest (71, 7,)-pre closed soft set containing (¢,A)J(¢,A), we obtain

1% — pel [(¢,0)0(9,A)] St — pel(9,A) U171, — pel(@,A). (3:2)
From the inequalities (3.1) and (3.2), we get
717 — pel [(9,A)0(9,A)] = 117 — pel(¢,A) 0117, — pel (@, A).
(4) By the similar arguments used in the proof of (3), we prove
717 — pint [(¢,A)0(@,A)] = 7172 — pint(¢,A) 7172 — pint (9, A).
(5) Since (¢,4)7(¢,4)C(¢,4) and (¢7A)ﬁ(¢7A)§(<P»A), we get

71T — pel [(¢,A)7(9,A)] C1i1a — pel(9,A),

Tt — pel [(9,A)0(9,A)] C117 — pel(9,A)
and so
17— pel [(9,A)7(9,A)] Ct17 — pel(9,A)N7172 — pel(@,A).
(6) By the similar arguments used in the proof of (5), we obtain
T\ T — pint [((]),A)O((p,A)] oD — pint(¢,A)UT) 15 — pint(@,A).
O

Theorem 3.18. Ler X be a soft topological space with two soft topologies T\, T and (¢,A) € SS(X)a. Then the followings
hold:

(1) T12 — pel(9,4) = (¢, )0t —cl(t2 —int(,4)).
(2) 1172 — pint(¢,A) = (¢,A)NT) —int(7r — cl (@, A)).

Proof. (1) We have
T —cl [’L’z —int [((]),A)O’L'l — Cl(Tz — int((P,A))”
Ct —cl [r —int(¢,A)Ut) — cl(T2 — int(¢,A))]
= 1 —cl(t—int(¢,A)C(9,A) Tt — cl(1r — int (9, A)).
Therefore, (¢,A)UT) —cl(Ty — int($,A)) is a (1, T2)-pre closed soft set whence
17 — pel(¢,A)C(9,A)Ut) — (1, — int (¢, A)). (3.3)
Conversely, since 717> — pcl(9,A) is (11, T2)-pre closed soft, we get

T —cl(t —int($,A)) 11 — el (T — int (1172 — pel(9,A)))
Ctt — pel(9,A)

and so

(0,A)U1) —cl(ty — int(¢,A)) 1172 — pel (9, A). (3.4)
By the inequalities (3.3) and (3.4), we obtain

117 — pel(9,A) = (¢,A) Uty — cl (1 — int(¢,A)).

(2) It is a consequence of (1). O
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Proposition 3.19. Let 71, 75 be two soft topologies over X and (¢,A) € SS(X)a. If (¢,A)CYCX and Y € T, then we have
711 — pely (¢,A) = 117 — pelx (¢,A)NY
Proof. From Theorem 3.18, we get

11— pely(¢,4) = (¢,A)0[t1 —cly (o —inty (9,A))]

¢,A)U A)
0,801 — cly (12 — int (¢, A))]
6,A)0 [rl—cl(rz—im( )mY)]

6,0) 0t — cl (v, — int(¢,A))] 7 [((p,A)O?}
= Tlrz—pclx((p,A)ﬁY

(
(
=
It

O

Proposition 3.20. Let Ty, Ty be two soft topologies over X and (¢,A) € SS(X)a. IfY € T2 and Y is a (11, T)-pre closed soft
set then we have

71T — pely (¢,A) = 1110 — pelx (9,A).
Proof. From Proposition 3.19, we have
717 — pely (9,A) = 117 — pelx (¢,A)NY
Since Y is a (71, T2)-pre closed soft set, we get
T — pelx (¢,A)CY

Consequently, we obtain

1T — pely (¢,A) = 1172 — pelx (9, A).

We introduce the notion of a (71, 7p)-gpr-closed soft set.

Definition 3.21. Let 7y, 7, be two soft topologies over X and (¢,A) € SS(X)a. Then (¢,A) is called a (71, 72)-generalized pre
regular closed soft if 11Ty — pcl(¢,A)C(@,A) whenever (¢,A)C(p,A) and (@,A) is (T1,T2)-regular open soft. It is denoted
by (11, T)-gpr-closed soft. The complement of a (T1,T)-gpr- closed soft set is (T1,Tp)-gpr-open soft.

Example 3.22. Let X = {a,b,c,d}, A= {e1,e2}, T = {'(5,)?, (91,A), (¢2,A)} and T = {6,)?, (¢2,A)} where (91,A) and
(¢2,A) are two soft sets over X defined as

(‘PlaA) = {(elﬁ{%b})a (62, {Cvd})}

and

(¢27A) - {(61,{C,d}),(€2,{a,b})}.
Then the soft set (¢,A) = {(e1,{a}), (e2,{c})} is a (11, 72)-gpr-closed soft set.

Now we give the following implications:

(11, T»)-regular closed soft

4

(71, T2)-pre closed soft

4

(11, m2)-gpr-closed soft

The inverse implications of these are not always true as seen in the following example.
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Example 3.23. Let X = {a,b,c}, A={e}, 71 = {B.X,(91,4), (92,4), (93,4) } and & = {0.X, (93, } where (91,4), (92,4)

and (¢3,A) are soft sets over X defined as
(91,4) ={(e,{b})}, (#2,4) = {(e,{c})}
and
(93,4) = {(e;{b,c})}.

Then the soft set (¢1,A) = {(e,{b,c})} is a (11, T2)-gpr-closed soft set, but it is not (1, Ty)-pre closed soft. Also the soft set
(¢2,A) ={(e,{a})} is a (11, 12)-pre closed soft set, but it is not (T, 7, )-regular closed soft.

Now we prove some necessary properties and theorems related to the notion of a (7, 72)-gpr-open soft set.

Theorem 3.24. Let X be a soft topological space with two soft topologies Ty, To. (¢,A) € SS(X)E is (71, T2)-gpr-open soft if
and only if (,A)C 1 T> — pint(9,A) whenever (¢,A) is (1, T2)-regular closed soft and (¢, A)C(¢,A).

Proof Let (¢,A) be a (11, 72)-gpr-open soft set, (¢,A) be a (11, 72)-regular closed soft set and (9,A)C(¢,A). Then we have
—(9,A)CX — (9,A) where X — (¢,A) is (71, 72)-regular open soft. Since X —(,A) is (11, T2)-gpr-closed soft, then we get
7175 — pel(X — (¢,A))CX — (@, A). Hence we obtain

X — 11— pint(9,A)CX — (9,A)

and so (@, A)CT1 Ty — pint(9, A). Conversely, we suppose that (¢,A) is (71, 72)-regular closed soft and (¢, A) (¢,A) implies
(o, A)QNﬁ Ty — pint(§,A). Let X — (9,A)C(6,A) where (8,A) is (71, 72)-regular open soft. Then we have X — (0,A)C(¢9,A)
where X — (6, A) is (11, T )-regular closed soft. By the hypothesis, we get X — (8,A)C 172 — pint(¢,A), that is, X — C1y 7y —
pint(¢,A)C(0,A). Hence we obtain

717y — pel(X — (¢,A))C(60,A)

and so X — (¢,A) is (1, T )-gpr-closed soft, that is, (¢,A) is (71, T2 )-gpr-open soft. O

Theorem 3.25. Let X be a soft topological space with two soft topologies Ty, Tp. If (¢,A) is (71, 72)-gpr-closed soft and
(¢,A)C(9,A)CT1T2 — pel(9,A), then (9, A) is (1, T2)-gpr-closed soft.

Proof. Let (¢,A)C(6,A) where (6,A) is (11, 1)- -regular open soft. Then (¢, A)C(@,A) implies (¢,A)C(6,A). Since (¢,A)
is (11, 7)-gpr-closed soft, we get 7,7y — pcl(¢,A)C(0,A). Also (9,A)C1 7, — pel(¢,A) implies

717 — pel(@,A) 1172 — pel (¢, A).
Thus we obtain
717 — pel(9,A)C(6,A)
and so (@,A) is (11, T2 )-gpr-closed soft. O

Theorem 3.26. Let X be a soft topological space with two soft topologies 71, To. If (9,A) is (71, T2)-gpr-open soft and
71T — pint(§,A)C(9,A)C(9,A), then (@,A) is (T1,T2)-gpr-open soft.

Proof. t17y — pint(¢,A)C(p,A)C(¢,A) implies

—(9,0)CX — (9,0)SX — [1172 — pint (9, A)],
that is,

—(9,)CX — (¢, A)Cnn — pel(X —(9,A)).

Since X — (¢,A) is a (71, 72)-gpr-closed soft set, from Theorem 3.25, X — (@,A) is (71, T2)-gpr-closed soft and so (@, A) is
(71, T2)-gpr-open soft. O

The union and the intersection of two (7, T;)-gpr-closed soft sets can not be always (7;, T, )-gpr-closed soft as seen in the
following examples, respectively.
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Example 3.27. Let X = {a,b,c,d;e}, A={e'}, 11 =% = {0,%, (61,4), (92,4, (93,4) } where (91,4), (62,4) and (93,)
are soft sets over X defined as

(01,8) = {(¢ {a,c})}. (¢2,8) = {(¢,{b,d})}
and
(¢31A) = {(e/v{a»b’c7d})}'

Then the soft set (¢,A) = {(¢,{a})} and (0,A) = {(¢',{c})} are two (11,T2)-gpr-closed soft set, but (¢,A)J(0,A) =
{(¢',{a,c})} is not (11, 2)-gpr-closed soft.

Example 3.28. Let X = {a,b,c}, A={'}, 1 =T = {ﬁ,)?, (01,A), (,A), (¢3,A)} where (¢1,A), (¢2,A) and (¢3,A) are
soft sets over X defined as

(91,4) = {(¢,{b})}, (92,4) = {(¢', {c})}
and
(93,8) = {(¢/, {b,c})}-

Then the soft set (¢,A) = {(e/,{b,c})} and (8,A) = {(¢',{a,b})} are two (11, T2)-gpr-closed soft set, but (¢,A)N(8,A) =
{(¢,{b})} is not (11, T2)-gpr-closed soft.

Proposition 3.29. Let X be a soft topological space with two soft topologies Ty, T, and (0,A),(p,A) € SS(X)a- If (9,A) is
(11, T2)-gpr-open soft and ©, 1 — pint (¢, A)C(@,A) then (¢, A)N(@,A) is (11, T)-gpr-open soft.
Proof. Since (@,A) is (T, T2)-gpr-open soft and 7,75 — pint(¢,A)C(¢,A) then we have

172 — pint(9,4)C(9,4)7(9,4)C(9,4).
From Theorem 3.26, (¢,A)N(@,A) is (71, 72)-gpr-open soft. O
The class of all (71,7, )-pre-open soft sets is denoted by PO(X, 71, T2).

Proposition 3.30. Let X be a soft topological space with two soft topologies Ty, T2, (¢,A), (@,A) € SS(X)a and PO(X, 71, T2)
closed under finite intersections. If (¢,A) and (¢, A) are two (71,72)-gpr-open soft sets, then (¢,A)N(@,A) is (71, 72)-gpr-open
soft.

Proof. Let us consider
X [(0.8)(0.8)] = [£—(0.4)| T [~ (9,8)] £(6.4),

where (8,A) is (1, T2)-regular open soft. Then we have X — (¢,A)C(6,A) and X — (¢,A)C(6,A). Since (¢,A) and (@,A)
are two (71, Tp)-gpr-open soft sets, we have

77 — pel (52— (q),A)) C(,4)
and
15— pel (5{2 ((p,A)) Z(8,4).
By the hypothesis, we find
1% — pel [(XE (¢>,A)) 0 ()?f ((p,A))}
Ent— pel ()’Z— ((]),A)) Otit — pel (5? - ((p,A)) C(8,A),
that is,

117 — pel [)'Zf ((q;,A)ﬁ((p,A))] C(6,).

Consequently, (¢,A)N(@,A) is (11, 72)-gpr-open soft. O

The following lemma will be used in the proof of a proposition related to a (71, 72)-gpr-closed soft set in a soft subspace.
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Lemma 3.31. Let YCX, X bea soft topological space with two soft topologies T1, T and (¢,A) € SS(X)a. IfY is a T-soft
open set and T C Ty, then (9, A is a (T1,T:)-regular open soft set relative to Y for some (¢,A) which is a (T1,7,)-regular
open soft set relative to X.

Proof. Let (¢,A) be a (71, T,)-regular open soft set and (@,A) = (¢,A)NY. Then we have
T —int (Tz —cl (((p,A)ﬁ?)) = T —int (Tz —cl(¢,A) ﬁ?)
= 1 —int(©—cl(¢,A)NY
= (¢, 00 = (¢.A).
Hence (@,A) is a (71, Ty)-regular open soft set relative to Y. O
Proposition 3.32. Let X be a soft topological space with two soft topologies Ty, Tp such that T, C T| and ((]),A)é? CX. Then
the followings hold:
(1) If Y is a Ta-soft open set and (9,A) is a (11, T2)-gpr-closed soft set in X then (¢,A) is a (71, 72)-gpr-closed soft setin Y.

(2) IfY is a Tp-soft open set and a (T, Ty)-pre closed soft set in X and (¢,A) is a (11, T2)-gpr-closed soft set in' Y then (¢,A)
is a (1, T)-gpr-closed soft set in X.

Proof. (1) Let (¢,A) be a (71, 72)-gpr-closed soft set in X and (¢,A)C(@,A) where (@,A) is a (11, T2)-regular open soft set
inY. By Lemma 3.31, we have (¢,A) = (6,A)NY where (0,A) is a (71, T,)-regular open soft set in X, that is, (¢,A)C(6,A).
Since (¢,A) is a (71, 72 )-gpr-closed soft set in X then we get
T — pCl(¢aA)§(97A)7
which implies
7175 — pelx (¢, A)NY C(6,A)NY
By Lemma 3.20, we have

7T — pely (9, A)C (9. A).

Therefore, (¢,A) is a (11, T2)-gpr-closed soft setin Y.
(2) Let (¢,A) be a (11, 72)-gpr-closed soft set in Y. Then (¢,A)C(@,A) where (@,A) is a (11, T2 )-regular open soft set in X.
Hence we get

(¢,A) = (¢, AW C(9,A)TY,
where (@,A)Y is (71, T»)-regular open soft in ¥ by Lemma 3.31. Using the hypothesis, we get

7172 — pely (¢,A)C (9, A)NY
By Lemma 3.20, we obtain

7172 — pelx (9. 8)C (9. ANV C(9,A),
that is, (¢,A) is a (71, 72)-gpr-closed soft set in X. O

We introduce the notion of mixed gpr-soft continuity as follows:

Definition 3.33. Let X,Y be two initial universe sets, A1,Ay C A two sets of parameters, T1, To two soft topologies over X and
T a soft topology over Y. Assume that u:X —Y, p: Ay — Ay are two mappings and fp, : SS(X)a, — SS(Y)a, is a function.
Then fp, is called mixed gpr-soft continuous (briefly, (7172, 7)-gpr-soft cts) iffp’u1 (9,A2) is a (T1,T2)-gpr-closed soft set for
every T-soft closed set (¢,Ay) in'Y.

Using the concept of mixed gpr-soft continuity, we present a new version of the pasting lemma in the following theorem.

Theorem 3.34. (Pasting lemma for (T1,7:)-gpr-closed soft sets) Let X = AUB be a soft topological space with two soft
topologies T\, To, Y a soft topological space with a soft topology T and the family of all (1|, Ty)-gpr-open soft sets closed under
finite intersections. Let fp,u, : SS(A)a, = SS(Y)a, and fpyu, : SS(B)a, — SS(Y)a, be two mixed g pr-soft continuous mappings
where p1 = py: A1 = Ay, uy A — Y and up : B— Y are functions. Suppose that Z B are Ty-soft open and (11, T2)-pre closed
soft and v C 1. If ui(x) = ua(x) for every x € ANB, then fp,,, and fp,., combine to give a mixed gpr-soft continuous
mapping fpu : SS(X)a, — SS(Y)a, defined by the functions p = p1 = py and u(x) = u;(x) if x € A and u(x) = u>(x) if x € B.

Proof. Let (@,Az) be a T-soft closed set in Y. Then we can easily seen that
f};ul ((p7A2) = fpil%tl ((p?AZ)Ofpiz%lz ((p7A2)'

Since f},4, is mixed gpr-soft continuous then fp’llu1 (@,A;) is a (11, 72)-gpr-closed soft set in A. Since A is T>-soft open and
(71, T2)-pre closed soft, then fmu1 (9,A7) is a (11, T2)-gpr-closed soft set in X by Proposition 3.32 (2). Similarly, fmu2 (p,Ar) is

a (1), Ty)-gpr-closed soft set in X. Also we get that fod (@,A2) is (71, T2)-gpr-closed soft in X from the hypothesis. Therefore,
fpu is a mixed gpr-soft continuous mapping. O
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4. Conclusion and future work

In this paper, two new versions of the pasting lemma for mixed g-soft continuous functions and mixed gpr-soft continuous
functions are presented on a soft topological space. As a future work, some applications of these pasting lemmas can be
investigated to analytic continuation on a complex plane.
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