Conference Proceeding Science and Technology, 3(1), 2020, 160—165 CP\?SI-

Conference Proceeding of 3rd International E-Conference on Mathematical Advances and
Applications (ICOMAA-2020)

New Answers to the Rhoades’ Open rpergipark goviriopos
Problem and the Fixed-Circle Problem

Nihal Tas'*

! Balikesir University, Department of Mathematics, 10145 Balikesir, Turkey, ORCID: 0000-0002-4535-4019
* Corresponding Author E-mail: nihaltas@balikesir.edu.tr

Abstract: Recently, the Rhoades’ open problem which is related to the discontinuity at fixed point of a self-mapping and the
fixed-circle problem which is related to the geometric meaning of the set of fixed points of a self-mapping have been studied using
various approaches. Therefore, in this paper, we give some solutions to the Rhoades’ open problem and the fixed-circle problem
on metric spaces. To do this, we inspire from the Meir-Keeler type, Ciric type and Caristi type fixed-point theorems. Also, we use
the simulation functions and Wardowski’s technique to obtain new fixed-circle results.
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1 Introduction

Fixed-point theory, was started with the Banach’s contraction principle [1] , is very important in the different areas of mathematics such as
applied mathematics, topology, analysis etc. This principle has been generalized using the various techniques since there exist some examples
of a self-mapping does not satisfy the Banach’s contraction principle but has a fixed point. One of these techniques is to generalize the used
contractive condition such as Ciric type contractive condition, Meir-Keeler type contractive condition etc. (for example, see [19] and the
references therein). Another technique is to generalize the used metric spaces (for example, see [7] and the references therein). Recently, the
geometric properties of fixed points have been investigated as a new generalization of the fixed-point theory (see [11]-[12]-[22]).

Also many contractive conditions require that a self-mapping is continuous at fixed point but there are some contractive conditions which do
not require that the self-mapping to be continuous. In this context, the following open questions raised by Rhoades [20] and Ozgiir et al. [12]
have been extensively studied, respectively:

Does there exist a contractive condition which is strong enough to generate a fixed point but which does not force the self-mapping to be
continuous at the fixed point?

What are the geometric properties of fixed points in which case a self-mapping has more than one fixed point?

Many authors have investigated new solutions using various approaches to above first question. For example, in [14], Pant obtained a solution
using the function ¢ : RT — RT such that ¢(t) < t for each ¢t > 0 and the number defined as

m(z,y) = max{d(z,Tz),d(y, Ty)}.

Theorem 1. [14] Let (X, d) be a complete metric space and T : X — X a self-mapping such that

(1) d(Tz,Ty) < ¢(m(z,y)),
(#t) Given € > 0 there exists a 6 > 0 such that

e<m(z,y)<e+d=dTz,Ty) <e
Then T has a unique fixed point z in X and T is continuous at z if and only if lim m(z, z) = 0.
T—z

After then, various solutions to first question have been given (see [2]-[4]-[11]- [16]- [17]-[18]-[21] for more details). The obtained results
are gained great importance since there exist some applications of the obtained solutions to some other areas such as discontinuous neural
networks, simulation functions, biology etc. (see [6]-[11]-[16]- [17]-[18]-[21]-[24]).

More recently, the fixed-circle (or fixed-disc) problem has been studied using some classical fixed-point techniques related to second
question. For example, Ozgiir and Tas obtained a solution to this question using Caristi’s inequality (see [3]) as follows:

Theorem 2. [12] Let (X, d) be a metric space and Cyy r = {x € X : d(z,x9) = r} any circle on X. Let us define the mapping ¢ : X —
[0, 00) such that p(x) = d(x, x) for all x € X. If there exists a self-mapping T : X — X satisfying

(C1) d(z, Tz) < ol(a) — p(Tx),

(C2) d(Tx,x0) > for each x € Cqy,r,
then the circle Cy, r is a fixed circle of f.
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Motivated by this fact, the fixed-circle problem has brought a new light to the fixed-point theory and geometric thinking since this problem has
been studied as a geometric approach to the generalization of fixed-point theory. For this purpose, some known techniques used in fixed-point
theorems are adapted to the fixed-circle problem on metric spaces and some generalized metric spaces (see [11]-[12]-[13]-[16]-[17]-[22]-[23]).

In this paper, we give some solutions to the Rhoades’ open problem using the Meir-Keeler type, Ciric type and Caristi type fixed-point
theorems with a different approach similar to the given approaches in [3]-[5]-[8]- [10]. We investigate some answers to the fixed-circle problem
using the Meir-Keeler type, Ciric type and Caristi type techniques with three approaches. Finally, we give some consequences of our obtained
theorical results.

2 Main Results

In this section, we give new solutions to the Rhoades’ open problem and the fixed-circle problem on metric spaces using the Meir-Keeler type,
Ciric type and Caristi type techniques.

2.1  New discontinuity results on metric spaces

Throughout this paper, we assume that (X, d) is a complete metric space, T': X — X a self-mapping and ¢ : X — [0,00) a lower
semicontinuous and bounded below function. In this section, we use the following number

N (z,y) = max {d(z,y),d(z, Tx),d(y, Ty),d(y, Tz),d(x, Ty)} .

Theorem 3. [f the following condition holds for all x,y € X
(MKCC) Given g > 0 there exists a § > 0 such that d(x, Tz) > 0 implies

e <[p(z) —p(Tz)] N(z,y) <e+ 6 = d(Tz,Ty) < ¢,

then given x € X, the sequence of iterates {T™x} is a Cauchy sequence and lim T"x = z for some z € X.
n—oo

Proof: Using the condition (M K CC'), we obtain that if d(z, Txz) > 0 then

Let g € X and let us define a sequence {z,} in X by p, = Ty _1,that is, z, = T"xg. If £y, = 2,41 for some n then z,, = Tp41 =
Tp42 = ..., that is, {zn} = {T"2} is a Cauchy sequence and xy, is a fixed point of 7". Thus, without loss of generality, suppose that x,, #
Zn+1 foreach n and ¢, = d(xy,—1, xn). Using the inequality (1), we get

ent1 = d(@n,Tpy1) = d(Tzn—1,Tn) < [p(Tn-1) — @(zn)] N(Tn-1,2n)
= [@(mn—l) - W(mn)] max {d(xn—h zn), d(Tn, Tnt1), d(Tp—1, xn-&-l)}
= [p(zn—1) — p(@n)] an. 2)

Case 1: If oy = d(xp—1,xn), then using the inequality (2), we have

cn+1 = d(Tn, Tnt1) < [P(Tn—1) — p(@n)] cn

and so
c
0< = < p(an-1) — p(en).

n
for each n € N. Therefore the sequence {©(zy )} is nonincreasing and positive whence it converges to some ¢ > 0. For each n € N, we obtain

S < S fp(am 1) — plam)] = $(0) — plan)
m=1 m m=1

— p(xg) —t<ooasn — oo

and

n
c e
ZLH<oo:>hm"—+1:O.

cm n—oo Cp
m=1

Hence for « € (0, 1), there exists ng € N such that
Cn+1
Cn

< aforalln > ng
and we have

d(zn, Tn+1) < ad(xp—1,zn) forall n > ng.
Case 2: If oy = d(xn, Tn+1), then using the inequality (2), we have

d(@n,Tns1) < [p(@n-1) — p(@n)] d@n, 20 11).

By the similar approach used in Case 1, we say that {¢o(xr)} is a positive and nonincreasing sequence and so it converges to some ¢ > 0. Since
d(xn, xn+1) > 0, we get
1 < @(zn-1) — ¢(xzn) = 0asn — oo,

a contradiction.
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Case 3: If ay = d(zp—1, Tn+1), then using the inequality (2), we have

Cn4+1 = d(xnvanrl) < [Sﬁ(xnfl) - ‘P(xn)} d(l’nflvanrl)
[p(Tn—1) — p(zn)] (d(Tn—1,2Zn) + d(Tn, Tnt1))
[e(xn—1) — p(zn)] (cn + cnt1)

IN

and SO
C. +

n + Cnt1 ©(Tn-1) — p(zn)

The sequence {¢(zn)} converges to some ¢ > 0 since it is a positive and nonincreasing sequence. For each n € N, we obtain

n n
c
E —mt < [p(@m—1) — p(zm)] = p(z0) — (@n)
— Cm + Cm+1 —
m=1 m=1

—  p(zg) —t <ooasnm — oo

and
~ c c
Z _ mtl < oo = lim s 2 S
oo} Cm + Cm41 n—00Cn + Cp41

Hence for o’ € (0, &), there exists ng € N such that

Cn+1

— < o foralln > nyg
Cn + Cpti

and we have
d(xn, xn+1) < ad(zp—1,zn) forall n > ng,

where o = 2.
1-a’
Now we show that {x} is a Cauchy sequence and {x,} converges to some a € X. Under the above cases, we say that the sequence
{d(xn,zn+1)} is bounded below and nonincreasing. Therefore, it converges to some = > 0. Since « < 1, we easily prove = = 0. For each
ni,n2 € N (ny > ng), we get

nip—1 a2
d($n1 bl ZEHQ) S Z d(xm7 merl) S 1 _ ad(x07 xl)?
m=nsg
that is,
nli_)m@Q sup {d(zn,,Tn,) 1 n1 > na} =0.
Consequently, the sequence {x, } is Cauchy and there exists a € X such that {xn } — a since (X, d) is a complete metric space. O

A self-mapping T of a metric space X is called k-continuous, k£ = 1,2, 3, ..., if T* 2y, — Tt whenever {zn} is a sequence in X such that
kalmn — t (see [15] for more details).

Theorem 4. Let T satisfies the condition (M KCC'). If T is k-continuous then T has a fixed point z. Also, T is continuous at z if and only if

lim [p(z) — o(Ta)| N(z,z) = 0.

T—rz

Proof: Let g € X and let us define a sequence {zn} in X by xy, = Txy_1, that is, xn, = T"xg. Using Theorem 3, we say that {z,, } is a
Cauchy sequence. Hence there exists a point a € X such that {z,,} — a since (X, d) is a complete metric space. Also we have TPz, — a
foreach p > 1.

Let T be a k-continuous self-mapping. k-continuity of 7" implies that T, — Ta since TF 12, — a and so we get T'a = a as T, —
a. Therefore, a is a fixed point of 7'. It is also easy to prove that 7" is continuous at a if and only if

lim [p(z) — ¢(Tz)] N(2,a) = 0.

Tr—ra
|
2.2 Some fixed-circle results on metric spaces
In this section, let the number r be defined as
r=inf{d(z,Tz) :z #Tz,z € X} 3)
and the function ¢ : X — [0, c0) defined as
o(z) = d(z,Tz), 4)

forallz € X.
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In the following theorem, we inspire from the Meir-Keeler type, Ciric type and Caristi type fixed-point theorems to obtain a new fixed-circle
theorem.

At first, we recall the notions of a fixed circle and a fixed disc.

Let (X, d) be a metric space, Cyy,r = {z € X : d(x,z9) =r} acircle and T : X — X a self-mapping. If T'z = z for every « € Cq,r
then Cy,,r is called as the fixed circle of T" [12].

If Te =z forevery x € Dy r = {z € X : d(z,z9) < r}then Dy, is called as the fixed disc of T" (see [13] and the references therein).

Theorem 5. Let (X, d) be a metric space, T : X — X a self-mapping, r defined as in (3) and ¢ defined as in (4). If there exists v € X such
that

1. d(zo,Tz) <rand0 < p(x) < 1forall x € Cyy,r,
2. Forallz € X,

p(z) > 0= ¢(z) < [p(z) = p(z0)] N(z,z0),

then Txo = xo and the circle Cy, r is a fixed circle of T.
Proof: Let r = 0. Then we have Cz,,» = {x0}. On the contrary, we assume that ¢(xg) > 0. Using the condition (2), we get

¢(wo) = d(z0, Two) < [p(z0) — p(20)] N(20,20) = 0,
a contradiction. Thus, it should be ¢(xg) = 0, that is,
Txg = xg. %)

Letr > 0 and x € Cz,,r. Now we show that T fixes the circle Cy, . To do this, we suppose that ¢(x) > 0. Again, using the conditions (1),
(2) and the equality (5), we obtain

p(r) = d(z,Tz) < [p(x) = ¢(xo)] N(z,z0)
= d(z,Tz)max{r,d(z,Tz),0,d(zo,Tz)}
= d(z,Tx)max {d(z,Tz),d(x0,Tz)} = d(z, Tz)d(z, Tx)
and so
d(z,Tz) < [d(z, Tz))*,
a contradiction. Hence it should be z = T'x. Consequently, 1" fixes the circle Cy,,r. ]

To obtain another fixed-circle theorem, we use the family of simulation functions. Hence, we recall the definition of a simulation function.
The function ¢ : [0, oo)2 — Ris said to be a simulation function, if the followings hold:

(¢1) €(0,0) =0,

(¢2) ¢(t,s) < s —tforalls,t >0,

(¢3) If {tn}. {sn} are sequences in (0, co) such that

lim ¢, = lim s, >0,
n— oo n— oo

then
lim sup( (tn, sn) < 0.

n— oo

The set of all simulation functions is denoted by Z [9].

Theorem 6. Let (X, d) be a metric space, T : X — X a self-mapping, r defined as in (3) and ¢ defined as in (4). If there exists xo € X and
¢ € Z such that

L. p(z0) =0,
2. d(zo,Tz) <rand0 < p(z) < 1forallx € Cxqy,r,
3. Forallx € X,

@(‘T) > 0= C (‘p(:r% @(I)N(CE, ‘TO)) >0,
then the circle Cy, v is a fixed circle of T.
Proof: Let r = 0. Then we have Cy,,» = {z0}. By the condition (1), we know ¢(zg) = 0, that is, d(zg, Tzg) = 0. Hence we get zg = T'xg.

Now we assume that 7 > 0 and € Cy,,» be any point such that « # T'z, that is, p(z) = d(z, Tz) > 0. Using the conditions (1), (2), (3) and
(¢2), we obtain

0 < Clp(@),p(x)N(z,z0)) < p(2)N(2,20) = p(2)
= d(z,Tz)[d(z,Tz) — 1]

and so
1 <d(z,Tx),

a contradiction. Therefore, it should be x = T'z, that is, T fixes the circle Cy . O
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We obtain a new fixed-circle result using a different approach. At first, we recall the definition of the following family of functions which
was introduced by Wardowski in [25].

Definition 7. [25] Let F be the family of all functions F : (0,00) — R such that
(F1) F is strictly increasing,
(F2) For each sequence {aw } in (0, 00) the following holds

nl;n;oan = 0 if and only #nlLH;OF(an) = —09,

(F3) There exists k € (0,1) such that lim o*F(a) = 0.

a—0t

Some examples of functions that satisfies the conditions (F7), (F2) and (F3) of before definition are F'(z) = In(z), F(z) = In(z) + =,

F(z) = —ﬁ and F(z) = 111(352 + ) (see [25] for more details).

Theorem 8. Let (X, d) be a metric space, T : X — X a self-mapping, r defined as in (3) and ¢ defined as in (4). If there exists xg € X,
t > 0and F € F such that

1. d(zg,Tz) <rand0 < p(z) < 1forallx € Cxq,r,
2. Forallxz € X,
p(x) > 0=t + F(p(x)) < F([p(z) — v(x0)] N(z,70)),

then Txo = xo and the circle Cy, r is a fixed circle of T.

Proof: Let r = 0. Then we have Cz,,» = {x0}. As an immediate consequence of the condition (2), we get 29 = T'zg. Now suppose that r > 0
and z € Cy,,r be any point  # T'z. Then using the conditions (1), (2) and the strictly increasing property of F', we find

t+ Fp(x)) = t+4 F(d(z, Tz)) < F([p(z) — ¢(zo)] N(z, z0))
= F(d(z,Tz)max{r,d(z,Tx),d(zo, Tz)})
- F ([d(z, Tx)]Q) < F(d(z, Tx)),
a contradiction. Hence it should be T'x = x. Consequently, the circle C,, is a fixed circle of 7T'. O

2.3 Consequences

If we consider Theorem 3, we obtain the following corollary.

Corollary 1. [If the following condition holds for all x,y € X
(7) Given e > 0 there exists a 6 > 0 such that d(x, Tx) > 0 implies

e <[p(z) — p(Tx)]d(z,y) <e+ 6 = d(Tz,Ty) < ¢,

then given x € X, the sequence of iterates {T" x} is a Cauchy sequence and le T"x = z for some z € X. If T is k-continuous then T has
n o0
a fixed point z.

On the other hand, Theorem 5, Theorem 6 and Theorem 8 are considered as new fixed-disc results as seen in the following corollaries:

Corollary 2. Let (X, d) be a metric space, T : X — X a self-mapping, r defined as in (3) and ¢ defined as in (4). If there exists vog € X
such that

1. d(zo,Tz) <rand0 < p(x) < 1forallx € Dy, r,
2. Forallz € X,

p() > 0= ¢(z) < [p(z) = p(x0)] N(z,z0),
then T'xo = xo and the circle Dy, r is a fixed disc of T

Corollary 3. Ler (X, d) be a metric space, T : X — X a self-mapping, r defined as in (3) and ¢ defined as in (4). If there exists xo € X and
¢ € Z such that

1. ¢(x0) =0,
2. d(zo,Tz) <rand0 < p(x) < 1forallx € Dyy r,
3. Forallz € X,

o(x) > 0= ((p(z), p(x)N(z,z0)) >0,
then the circle Dy, r is a fixed disc of T

Corollary 4. Let (X, d) be a metric space, T : X — X a self-mapping, r defined as in (3) and ¢ defined as in (4). If there exists xg € X,
t > 0and F' € F such that
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1. d(zg,Tz) <rand0 < p(z) < 1forallx € Dg,,r,
2. Forallx € X,

p(x) > 0=t + F(p(x)) < F ([p(zx) — p(xo)] N(z,0)),
then T'ry = xg and the circle Dy, r is a fixed disc of T

In Theorem 6 and Corollary 4, we can use the following simulation functions given in [9] to obtain new fixed-circle and fixed-disc results:

MRS
&
DA

[O%)
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