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Abstract
In this study, we present a description of Arf numerical semigroups with multiplicity eight and given conductor.

Keywords: Arf numerical semigroups, conductor, embedding dimension, Frobenius number, multiplicity, numerical

semigroups.

Kathhig 8 Olan Arf Sayisal Yarigruplari

Oz

Bu calismada, belirli ileticili ve katlilig1 sekiz olan Arf sayisal yar1 gruplarinin tanimlamasini sunuyoruz.

Anahtar Kelimeler: Arf sayisal yarigruplari, iletici, ggmme boyutu, Frobenius sayisi, katlilik, sayisal yarigruplar.

INTRODUCTION

A numerical semigroup S is a subset of N =
Z* u {0} such that S is closed under addition, 0 € S
and N\S is finite (i.e. S has finite complement in N).
It is known that every numerical semigroup S is
finitely generated; that is, there exist some elements
Ug, -, U, ES(p EZT) such that S
(ug, -+, up) = uyN + -+ + u, N (Barucci, Dobbs and
Fontana, 1997; Froberg, Gottlieb and Hdggkvist,
1987; Rosales and Garcia-Sanchez, 2009). Moreover,
gcd{uy, -, up} = 1since this is equivalent to that
the semigroup S has a finite complement in N where
gcd the abbreviation for the greatest common divisor
(Froberg et al., 1987).

The set A = {uy,*-,u,} is called the minimal
system of generators for any semigroup S, if S = (4)
and no proper subset A generates S. It is known that
every numerical semigroup S has a unique minimal
system of generators and the cardinality of the
minimal system of generators of Sis called the
embedding dimension of S, denoted by e(S). The
least positive integer in S is called the multiplicity of
S, denoted by m(S). It is known that the minimal
system of generators of S must contain m(S), and that

e(S) < m(S) (Garcia -Sanchez, Heredia, Karakas,
and Rosales, 2017; ilhan and Siier, 2017). Moreover,
a numerical semigroup S is a numerical semigroup of
maximal embedding dimension if e(S) = m(S).
Another notable element of a numerical semigroup is
the ratio. The ratio of S, denoted by R(S) (in short R),
is defined as the least positive integer greater than the
multiplicity of S in the minimal system of generators
of S.

The greatest integer not in S is known as the
Frobenius number of S, denoted by F(S), through in
the literature it is sometimes replaced by the
conductor of S, denoted by C(S) (in short C which is
the least integer x such that x + n € S for all n € N.
It is easy to see that F(S) = C — 1. If S is different
from N, it is traditional to denote the elements of S
that are less than or equal to C by s5=
0,51,*,Sp—1,5, = C with s;_; <s;for each 1<
i <n,and write

S={s=0,581,"**,Sp-1,5, = C, >}
where “— ” means that every integer greater than C
belongs to the set. The elements s = 0,54, ", 5,1
are called the small elements of S. Note that the first
non-zero small element is s; = m(S), the multiplicity
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of S, and n=n(S) =[S n {0,1,...,F(S)}| is the
number of small elements of S (|A| denotes the
cardinality of any set A).

If S is a numerical semigroup and a € S\ {0},
the Apéry set of S with respect to a is the set
Ap(S,a) ={s €S :s—a €& S}. Itiseasy to see that
Ap (S,a) = {wy = 0,wy,- ,We_1} Where w; is
the least element of S such that w; = i (mod a) for
each1 <i < a—1. Moreover, (Ap(S,a)\{0}) U
{a} generates S and max(4Ap(S,a)) =F(S)+a =

C(S)+a—1forany ka € S\ {0} (Rosales, 2005;
Rosales and Garcia -Sanchez, 2009). Thus, if S is a
numerical semigroup with multiplicity m, then S has
maximal embedding dimension if and only if
(Ap(S,m) \ {0} U {m} is the minimal system of
generators for S.

Arf Numerical Semigroups

A numerical semigroup S is called Arf if x +
y—zeSforall x,y,z€ S where x >y >z This
definition was first given by C. Arf in 1949, and
therefore, the condition in this definition is known as
the Arf condition. For all x,y,z € S such that x >
y=zand x = C, clearly x + y—z > Cand so x +
y —z € S. Therefore, to check if a numerical
semigroup is Arf, it is enough to check the Arf
condition for only the small elements. There are many
equivalent conditions to the Arf condition, one of
them is specified as “a numerical semigroup is Arf if
and only if 2x —y €S where x = y” (Garcia—
Sanchez at al., 2017).

Any Arf numerical semigroup has maximal
embedding dimension. Thus, if S is an Arf numerical
semigroup with multiplicity m, then S is minimally
generated by (Ap(S,m) \ {0}) U {m}.

A class of numerical semigroups Arf, the
multiplicity of which is a p prime number, is given in
(Celik, 2022). However, Garcia—Sanchez at al., in
2017 show that Arf numerical semigroups with
multiplicity up to seven and given conductor are
described parametrically. In this work, we obtain a
description for Arf numerical semigroups with
multiplicity eight, which is similar to the work in
(Garcia—Sanchez at al., 2017). We now recall some
results that we will frequently use throughout the
paper.

Lemma 1 [Garcia—Sanchez at al., 2017, Lemma
11] Let S be an Arf numerical semigroup with
multiplicity m and conductor C. Let Ap (S,m) =
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{fwog = 0,wy, -+ , W1} For each
2,3, ,m—1, we have

(a)Wj_l <w;= CSWJ—l

(b) W] < Wj_1 = C < Wj—l'

Lemma 1 shows that for each j = 2,---,m — 1,
at least one of w;_; or w; is not less than C.

Let S be a numerical semigroup with multiplicity
m and conductor C. As every non-negative multiple
of misinSand C—1 ¢S5, it follows that C #
1 (mod m). The following lemma shows that w; and
w,,,—, are completely determined by the multiplicity
and the conductor in any Arf numerical semigroup.

Lemma 2 [Garcia—Sanchez at al., 2017, Lemma
13] Let S be an Arf numerical semigroup with
multiplicity m and conductor Cwhere C =
k (modm)andk € {0,2,--- ,m —1}. Then

a

(_)C+1 ifk=0(C = 0 (modm))

e _{C—k +m+1 ifk#0(C % 0(modm))

O)wp_,=C—k+m-1

Lemma 3 [Garcia—Sanchez at al., 2017, Lemma
15] Let S be an Arf numerical semigroup with

multiplicity m > 2. Forany t € Nwitht < = we
have w,; < wy +tand wy,_o < Wy +m —t.

j:

Arf Numerical Semigroups With Multiplicity 8

Let S be an Arf numerical semigroup with
multiplicity eight and conductor C. Then C =
0,2,3,4,5,6 or 7 (mod 8). Recall that the ratio R of
S is the least element larger than the multiplicity in
the minimal system of generators for S. It can be
easily seen that

R<C+1ifC =0(mod8),R < CifC %
0 (mod 8).

Remark 1 As a result of Lemma 3, if S is an Arf
numerical semigroup with multiplicity eight and
Ap (§5,8) = {wy = 0,wy, -+ ,w,}then we have

@wg < wg+ 3 b)w, < wy+ 2

C©wy, < ws +5 dw, < wg + 6.

Theorem 4 Let S be a numerical semigroup with
multiplicity eight and conductor C where ¢ > 8 and
C=0(mod8). Then S is an Arf numerical
semigroup if and only if S is one of the followings:
8,C+1,C+2,C+3,C+4C+5C+6C+7);

(8,8u+2,8u+48u+6C+1C+3C+

5C+7)foreachl< u < %;

(8,C—=5C—2C+1,C+2,C+4C+5C+7);

394



Int. J. Pure Appl. Sci. 9(2);393-401 (2023)

Research article/Arastirma makalesi

DOI: 10.29132/ijpas.1324404

(8,8u+4,8t+2,8t+6,C+1,C+3,C+
5C+7)foreachl < u <t < =
(8,8u+4,8t—-2,8t+2,C+1,C+3,C+
5C+7)foreachl < u <t < =

8,C—3,C+ 1,C+ 2,C+ 3,C+ 4C+ 6,C
+ 7

(8,8u+6,8u+10,8u+12,C+1,C+3,C+
5C+7)foreachl < u < %

Proof (Necessity) Let S be an Arf numerical
semigroup with multiplicity eight and conductor C
where € > 8 and C = 0 (mod 8). It can be obtained
from Lemma 2 thatw; = C +1landw, = C +7.
In addition, the largest element of the set Ap(S, 8) is
w, = C +7 which can be obtained from the
equality of max(A4p(S,8)) = F(S) + 8. So the other

elements of the Apéry set must be smaller than w, =
C +7 . Inother words, w; <C+7 foreachi €
{0,1,2,3,4,5, 6}. In this way, the ratio of S, R, is one
of the elements wy, w,, w3, w,, ws or wy .

(i) If R = wy, then it is obvious that
S =(8C+1C+2,C+3,C+4C+5C+6,C

+ 7).

(i) If R = w,, then w, < C — 6. Consequently,

wy, = 8u+2, where 1 < u < % Since w, <

wsz, C + 1 < ws.Thenby Lemma 1, we have ws
C + 3. Because we know that w, < w,and w,
w, + 2 given in Remark 1, we get wy, = w, + 2
8u + 4. The inequality w, <wsg vyields the
inequalityw, =w, +2 < wg. Then ws can be
obtained from Lemma 1 to be C + 5. Finally, we
have 2w, —w, = 8u + 6 € S by the Arf condition,
which wg < 8u + 6. Since w, = 8u + 2 < wg,
we get wg = 8u + 6. It follows that
§=(88u+28u+48u+6C+1C+

3,C+5,C+7)foreach1 < u <=2

(iii) If R = w3, thenw; < € — 5. Since R =
ws, w, and w, can be found from Lemma 1 as w, =
C + 2andw, = C + 4, respectively. In order see
to that C+4=w,<wg+6 <w3+9 <
C + 4, we use Remark 1 (d) and (a), respectively.
Accordingly, wegetw; = € —5andwg = C — 2.
Since R = w3 and max(4p(S,8)) = C + 7, we can

obtain C — 5 = wy3 < wg < C + 7. Thus, wg =

C + 5. Hence,

S =(8C—-5C0C-2C+1,C+2,C+4C+5,C
+ 7).

@ |0
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(iv) If R =wy, thenw, < C — 4. Asaresult
of this, w, is equal to 8u + 4 for the interval of u

indicatedby 1 < u < % . Then by Lemma 1, we

have w; = C + 3 and ws = C + 5. The inequality of
wy < w, + 2isgivenin Remark 1 (b), and so w, +
2 € S. Therefore, 2(w, +2) —w, =w, +4 € Shy
the Arf condition. This implies that wg < w, + 4.
Under these conditions, there are two cases: w, <
Wy, < Wg 0rwy < wWeg < Wy,

If w, <w, < wg then w, = 8t + 2and
wg = 8t + 6, for some t € N. Since w, < wg and

we <C+7,wehavel <u <t s%.ltfollows

that
S =(88u+48t+28t+6C+1,C+

3,C+5C+7)foreachl < u <t S%.

IfW4, <W6<W2,thenW2:8t+2andW6:
8t — 2for some t € N. Sincew, <w, and w, <

C+7,wehavel <u <t S%. It follows that
S =(88u+48t—-2,8t+2,C+1,C+
3,C+5C+7)foreachl < u <t S%.

(v) If R = ws, then ws < C — 3. We can obtain
wy,=C+4 and wg =C + 6 by using Lemma 1.
From Remark 1 (a), (b) and (c), respectively, we have
C+6 =wg<w3z + 3, C+4=w, < wy +
2and w, <wg + 5. Accordingly, we can calculate
wy3=C+3,w, =C+2 and wg=C—-3. As a
result,

S =(8C-3C+1,C+2,C+3,C+4C+6C
+ 7).

(Vi) IfR = wg, thenwg < C —2.Sowg = 8u +

6forl <u< % By using Lemma 1, we can

calculate wg = C + 5. By the Arf condition, 2wy —
8u =8u+ 12 € S.Therefore, w, < 8u + 12.
Thisyieldsw, = 8u + 12duetowg = 8u + 6 <
wy (R = wg). In addition, by the Arf condition
again, we obtain 2(8u+8)— (Bu+6) =8u+
10 € S, and so w, = 8u + 10. Furthermore, since
we < wsz, Wwe can write 8u+ 11 < ws;, which
implies that w, = 10u + 10 < wy . Hence,

S =(88u+68u+10,8u+12,C+1,C+

3,C+5C+7)foreachl < u S%.

(Sufficiency) The definition of Arf numerical
semigroup given in the Section 2 shows that each
semigroup given in  Theorem 4  satisfies
the Arf property.
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Theorem 5 Let S be a numerical semigroup with
multiplicity eight and conductor C where C >
10 and C = 2 (mod 8). Then S is an Arf numerical
semigroup if and only if S is one of the followings:

8,8u+2,8u+48u+6C+1,C+3,C+

5,C+7)foreachl < u < 2

(8,8u+4,8t+2,8t+6,C
5,C+7)foreachl < u< t<

(8,8u+4,8t—-2,8t+2,C+1,C+3,C+
5C+7)foreachl < u< tg%;
(8,C—-5,C,C+1,C+2,C+4C+5C+7)

(8,8u+6,8u+10,8u+12,C+1,C+3,C+

5,C+7)foreachl < u < %

Proof (Necessity) Let S be an Arf numerical
semigroup with multiplicity eight and conductor C
where € > 10 and C = 2(mod 8). We can calculate
wy = C + 7 and w, = C +5 by using Lemma 2.
We can see that the largest element of the set Ap (S, 8)
isw; = C + 7 by using max(4p(S,8)) = F(S) + 8.

Thus, the other elements of the Apéry set must be
smaller than w; = C + 7, i.e. w; < C + 7 for each
i €{0,2,3,4,5,6,7}. Note that w; must be bigger
than C. Otherwise, ifw; < C,thenC —7 € S.ltcan
also be found from Lemma 1 w,=C+2. In
addition, by respectively using Remark 1 (d), (a), the
following inequalities can be obtained C + 2 =
Wy S Wg+6 Sws+9 <C+2.Thus, wg =C —
4. Accordingly, by the Arf condition 2(C —4) —
(C—7)=C—1 € S.Thisisacontradiction. For this
reason ws is equal to C + 1. Under this condition the
ratio of S, is one of the elements w,, w,, ws or w.

(i) If R = wy, then w, < C.w, must be 8u + 2
for the interval of u indicated by 1 < u < %
Thus, we can get 2w, — (8u) = 8u + 4 € S by using
the Arf condition. Therefore, w, < 8u + 4. This
shows w, = 8u + 4 as w, = 8u + 2 < w,. The Arf
condition also gives w, + w, — (8u) =8u+6 €S,
which yields wg = 8u + 6. We can see that C +
1,8u+4 and 8u + 2 €S through information
given above. There are two situations: In the first, if
C+1>8u+4>8u+2 then(C+1)+ (8u +
4) — (Bu + 2) = C + 3 € S can be obtained by the
Arf condition. In the second, if 8u+4>C+1>

Bu+2,thenu = = and 2(8u +4) — (C+1) =

2(C+2)—(C+1)=C+ 3 € Scanbeobtained by
the Arf condition. Hence, ws = C + 3 and

[ee]
oS4 ..

1,C+3,C+
2

)
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S=(8,8u+28u+48u+6C+1,C+3C+
5,C+7)foreachl < u < %

(if) If R = wy, then w, < C — 6. In this case,
w, = 8u + 4 for the interval of u indicated by 1 <

u < %. It can easily be calculated by using

Lemma 1 that w3 = C + 1 and ws = C + 3. On the
other hand, w, < w, + 2 is given in Remark 1 (b).
Therefore, 2(w, +2)—w, =w,+4 € S can be
obtained from the Arf condition. We obtained that
we < w, + 4. Under these conditions, there are two
cases: wy < wy, < Wwg OF wy <wg <w,. If w, <
wy, < wg, then w, = 8t + 2 and wy = 8t + 6 for
some t € N. Since w, <wg and wg < C + 7, we

havel < u< t< % It follows that

S=(8,8u+48t+28t+6C+1,C+
3,C+5,C+7)

foreachl < u < tg%.

If w, <wg <w,, thenw, =8t+ 2 and wg =
8t — 2 for some t € N. Since w, < w, and w, <

C+7,wehavel < u<t< % It follows that

§=(8,8u+48t—-2,8+2,C+1,C+
3,C+5C+7)foreach1 < u< t<=2

(iii) If R =ws, then ws < C—5. We can
calculate by usig Lemmalthatw, = C + 2 and wg =
C + 4. By respectively applying Remark 1 (b), (a)
and (c),wecanwriteC+2 =w, <w,+2,C+4 =
we <wz+3 and C =w, <ws+5. As a result,
wy = C,wy = C +1andws = C — 5. Hence,
§=(8,C—-5CC+1,C+2,C+4C+5C+7).

(iv) If R = wg, then wg < C — 4. In this case,
wg = 8u + 6 for the interval of u indicated by 1 <

u < % . By using the Arf condition, we can write

2wg —8u =8u+12€S. Thus, w, < 8u + 12.
Since R =wg, wg=8u+ 6 <w,. These
situations yield w, = 8u + 12. The Arf condition
also gives 2(8u+8)— (Bu+6)=8u+ 10 €S,
which yields w, = 8u + 10. Furthermore, it can
easily be seen by Lemma 1 that wg =C + 3.
Moreover, 8u+ 6 <wsz since wg < ws. This
implies that w, < ws. Under these conditions, w; =
C + 1 by using Lemma 1. It is follows that
§$=(8,8u+6,8u+10,8u+12,C+1,C +

3,C+5C+7)foreachl < u < %

(Sufficiency) The definition of Arf numerical
semigroup given in the Section 2 shows that each
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semigroup given in  Theorem 5 satisfies

the Arf property.

Theorem 6 Let S be a numerical semigroup with
multiplicity eight and conductor C where C >
11and € = 3 (mod 8). Then S is an Arf numerical
semigroup if and only if S is one of the followings:

8,C,C +1,C +2,C +3,C +4C+
6,C + 7);

(8,8u + 4,C,C + 2,C + 3,C + 4,C +
6,C + 7)foreachl < u < %

Proof (Necessity) Let S be an Arf numerical
semigroup with multiplicity eight and conductor C
where € > 11 and € = 3 (mod 8). Then, we can get
wi;=C+ 6 and w, = C+4 by using Lemma
2.We can see that the largest element of the set
Ap(S,8) is w, = C + 7 by using max(Ap(S,8)) =

F(S) + 8. So the other elements of the Apéry set must
be smaller than w, = C+ 7, ie. w; < C +7 for
eachi € {0,1,3,4,5,6,7}. If wg < C, then C -5 €
S.We alsohave C —3 € S,andso 2(C —3) — (C —
55=C—-1€Sby the Arf condition. This
contradicts with the fact that C is the conductor of S.
Therefore, wg must be bigger than C. This means that
we = C + 3. By respectively using Remark 1 (a)
and (c) weseethat C +3 = wg < wy+3andC +
7 = w, < ws + 5. Thus, these results yield w; =
C and ws = C + 2. Accordingly, the ratio of S, R,
is one of the elements w; = C or wy.

(i) If wy = C, thenitis clear that
S$=(8,C,C+1,C+2,C+3,C+4C+6,C+7).

(i) If R=w, ten w,<C-7.
Consequently w, = 8u + 4, for the interval of u
indicatedby 1 < u < % It follows that

S=(88u+4CC+2C+3C+ 4C+
6,C+7)foreach1l < u < %

(Sufficiency) The definition of Arf numerical
semigroup given in the Section 2 shows that each
semigroup given in  Theorem 6 satisfies
the Arf property.

Theorem 7 Let S be a numerical semigroup with
multiplicity eight and conductor C where C > 12 and
C=4(mod8). Then S is an Arf numerical
semigroup if and only if S is one of the followings:

(8,8u+2,8u+48u+6C+1C+3C+
5C+7)foreachl < u < %;
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(8,8u+4,8t+2,8t+6,C+1,C+3,C+
5,C+7)foreachl <u<t< %;

(8,8u+4,8t—-2,8t+2,C+1,C+3,C+

5,C+7)foreachl <u<t< %;

(8,8u+6,8u+10,8u+12,C+1,C+3,C+
5C+7)foreachl < u < %

Proof (Necessity) Let Sbe an Arf numerical
semigroup with multiplicity eight and conductor C
where € > 12 and C = 4(mod 8). We can calculate
w; = C + 5andw; = C + 3 by using Lemma 2. The
largest element of the set Ap(S,8) isw; = C + 7 due
to the fact that max(Ap(S, 8)) F(S) + 8. So the other

elements of the Apéry set must be smaller than w; =
C+7, e wi< C+7 for each i€
{0,1,2,4,5,6,7}. Note that wg > C. Otherwise,
ws < C which implies that ws < C — 7 € S. Then
C—4€S as well, and so 2(C—4)—-(C—-7) =
C —1€ S by the Arf condition. This is a
contradiction. Therefore, ws > C and ws = C + 1.
Thus, the ratio of S, R, is one of the elements
Wy, Wy OT Wg.

(i) If R = w,, then w, < C — 2. Consequently,
w, = 8u + 2 for the interval of u indicated by 1 <

u < %. The Arf condition gives 2w, —8u =

8u + 4 € S. Therefore, w, < 8u + 4. Since 8u +
2 =w, <w,. The Arf condition also gives w, +
w, —8u= 8u+6€S. This yields wg =8u+6
due to w, = 8u + 2 < wg. Hence,

S =(88u+28u+48u+6C+1C+

3,C+5,C+7) foreach1 < u < ==,

(ii) If R = wy, then w, < C. As a result, w, =
8u + 4 for the interval of u indicated by 1 < u <
%. Note that w,, + 2 € S since w, < w, + 2. Then
the Arf condition gives2(w, + 2) —w, =w, + 4 €
S. Thisimplies wg < w, + 4. As a result, we get two
cases: wy <w, < wgand w, <wg<w, are
considered. If w, < w, < wg, thenw, = 8t + 2 and
we = 8t + 6 for some t € N. Since w, < wg and
We< C + 7,wehavel<u<t< %. It follows
that

S =(88u+48t+28t+6C+1C+

3,C+5C+7)foreachl<u<t< %.

IfW4<W6<W2,then W2=8t+2 and Wg =
8t — 2 forsome t € N.
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Since wy, <w,and w, < C+ 7, we have 1 <

u<ts< %. It follows that

S=(8,8u+48t-28t+2,C+1,C+

3,C + 5, C+7)foreach1<u<t<%

(iii) If R = wg, then wg < C — 6. Accordingly,
we = 8u + 6 for the interval of u indicated by 1 <

u < ﬂ .Wecangetws = C +1byLemmal.On

the other hand, w, < wg + 6 is given in Remark 1
(d). Since wg < w,, We getw, = wg + 6 = 8u + 12.
By the Arf condition, we also get 2(8u + 8) — wg =
8u+ 10 € S. This implies w, < 8u + 10. Since
We = 8u + 6 < wy,, w, must be equal to 8u +
10. It follows that

= (8,8u+6,8u+10,8u+12,C+1,C +

3,C+5C+7) for  each 1<u €1z

< —
8
(Sufficiency) The definition of Arf numerical
semigroup given in the Section 2 shows that each
semigroup given in Theorem 7 satisfies
the Arf property.

Theorem 8 Let S be a numerical semigroup with
multiplicity eight and conductor € where € > 13 and
C=5(mod8). Then S is an Arf numerical
semigroup if and only if S is one of the followings:

8, —2,,C+1,C+2,C+4C+5,C+7);

8,C,C+1,C+2,C+4C+5C+ 6,C+7).

Proof (Necessity) Let S be an Arf numerical
semigroup with multiplicity eight and conductor C
where € > 13 and € = 5(mod 8). It can easily be
calculated from Lemma 2 that w; = C + 4 and
w; = C + 2. The largest element of the set Ap(S, 8)
isw, = C + 7 due to the fact that max(4p(S, 8)) =

F(S) + 8. So the other elements of the Apéry set must
be smaller than w, = C+ 7, ie. w; < C+ 7 for
each i€{0,1,2,3,56,7}. Using respectively
Remark 1 (b), (d), (c) and (a), we see that C + 7 =
wy<w, +2=>w, =C+5, C+7=w, <
We +6=>wg=C+1, C+5=w,<wg +5=
ws=>C and C+1=wg < w3 +3=> wy; >
C — 2. According to the values obtained above, R =
w3 =C—20R = wy = C.

() IfR =w3 =C — 2,then

=(8,C—-2CC+1,C+2C+4C+

5C+7).

(i) If R = wg = C, then

S =(8CC+1,C+2,C+4C+5,C+
6,C+ 7).
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(Sufficiency) The definition of Arf numerical
semigroup given in the Section 2 shows that each
semigroup given in  Theorem 8 satisfies
the Arf property.

Theorem 9 Let S be a numerical semigroup with
multiplicity eight and conductor € where C > 14 and
C=6(mod8). Then S is an Arf numerical
semigroup if and only if S is one of the followings:

(8,8u+2,8u+48u+6C+1,C+3,C+

5C+7)foreachl1 < u < %

(8, —-3,,C+1,C+3,C+4C+6C+7)

(8,8u+4,8t+2,8t+6,C+1,C+3,C+

5,C+7)foreachl1< u <t <%,

(8,8u+4,8t—-2,8t+2,C+1,C+3,C+

5,C+7)foreachl< u <t <%,

(8,8u+6,8u +10,8u + 12, C+1C+3 C+

5C+7)foreachl1 < u < %

Proof (Necessity) Let Sbe an Arf numerical
semigroup with multiplicity eight and conductor C
where € > 14 and C = 6 (mod 8). We get w; =
C+3 and w, =C+1 by using Lemma 2. The
largest element of the set Ap(S,8) isws = C +7
due to the fact that max(4p(S,8)) = F(S) + 8. So

the other elements of the Apéry set must be smaller
than ws=C+7, ie. w; < C+7 for each i €
{0,1,2,3,4,6,7}. Therefore, the ratio of S, R, is one
of the elements w,, w3, w, Or wg.

(i) If R = w,, then w, < C — 4. Accordingly,
w, = 8u + 2 for the interval of u indicated by 1 <

u < %. wy < w, + 2 isgiven in by Remark 1 (b)

and due to fact that w, = 8u + 2 < w,, we get w, =
8u + 4. By using the Arf condition, 2w, —w, =
8u + 6 € S which implies wg < 8u + 6. Since w,
=8u+ 2 <wg, wg must be equal to 8u + 6. It follows
from Lemma 1 that w3 = C+ 5. Under these
conditions, S can be written as follows:

= (8,8u+28u+48u+6C+1C+

3C+5 C+7)foreach1 < u <%.

(i) If R=w;, then w; < C—3.We can
evaluate from Lemma 1 that w, = C +6and w, =
C+4. As given in Remark 1 (d), C+6 =w, <
we + 6. Therefore, wg = C. On the other hand,
we < ws+ 3isgivenin Remark 1 (a). Thus, w; =
C — 3. So, S can be written as
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S =(C-3CC+1,C+3,C+4C+
6,C+ 7).

(iii) If R = wy, then w, < C — 2. Accordingly,
w, = 8u + 4 for the interval of u indicated by 1 <
u < % By using Lemma 1, we can getw; = C +

5.w, <w, + 2isgiven in Remark 1 (b). By using
the Arf condition 2(w, + 2) —w, =w, +4 € S.
This implies that wg < w, + 4. As a result, we get
two cases: w, <wy, < wgand wy < wg < w,.
Ifw, <w, < wg, thenw, =8t + 2 and wg =
8t + 6for some t € N. Since w, < wg and wg <

C+7,wehavel<u<t< % . It follows that

S=(88u+48t+28t+6C+1C+
3,C+5C+7)foreach1<u <t <=2,

If wy, < wg < wy, then w, =8t + 2 and wg
8t — 2 forsome t € N.
Since wy, <w, and w, < C + 7, we have 1 <

u<tc< % It follows that

S =(88u+48-28t+2,C+1,C+
3,C+5C+7)foreachl< u <t < %

(iv) If R = wg, then wg < C. As aresult, wg =
8u + 6 for the interval of u indicated by 1 < u <
S

% . In this case, 2(8u+8) —wg =8u+ 10 €

by the Arf condition. Thus, w, < 8u + 12. On the
other hand, we know that wg = 8u + 6 < w,. Thus,
w, must be equal to 8u + 12. Furthermore, wg <
w3= 8U+ 6 <w; = w,<wz. SOws=C+5 s
obtained by using Lemma 1. Hence,

S =(88u+68u+10,8u+12,C+1,C+

3,C+5C+7)foreach 1< u < %.

(Sufficiency) The definition of Arf numerical
semigroup given in the Section 2 shows that each
semigroup given in Theorem 9 satisfies
the Arf property.

Theorem 10 Let S be a numerical semigroup
with multiplicity eight and conductor C where C >
15 and € = 7(mod 8). Then S is an Arf numerical
semigroup if and only if S is one of the followings:

(8,8u+4,C,C+2,C+3,C+4C+6C+

7)foreach1 < u < 6;7;

8,C—2,C,C+ 2,C+3,C+4C+5,C+
7)

8,C,C+2,C+3,C+4C+5C+6,C+7).

Proof (Necessity) Let S be an Arf numerical
semigroup with multiplicity eight and conductor C
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where € > 15 and C =7 (mod 8). Under these
conditions, we can calculatew; = C +2andw, = C
by using Lemma 2. The largest element of the set
Ap(S5,8) is wg=C+7 due to the fact tha
max(Ap(S,8)) = F(S) + 8. So the other elements

of the Apéry set must be smaller than wg = C + 7,
ie.w; < C+ 7foreachi €{0,1,2,3,4,5,7}. Using
Remark 1 (a), we get w3 = C + 4. Note thatw, > C.
Otherwise, if w, < C, thenw, < € —5 € §. Thus,
by the Arf condition we get 2(C —-5)—(C—-7) =
C—3€S, and 2(C-3)—(C—-5)=C—1€S.
This is a contradiction. Therefore, w, = C + 3.
Besides, C + 3 = w, < wsg + 5is given in Remark
1 (c). This implies that wg > C — 2. Therefore, the
ratio of S, R, is one of the elements w,, ws = C — 2
orw, =C.

(i) If R = wy, then w, < C — 3. Accordingly,
w, = 8u + 4 for the interval of u indicated by 1 <
u < % . We can write wg =C + 6 by using
Lemma 1. Hence,

S=(88u+ 4CC+2C+3,C+4C+

6,C+7)foreachl < u < %

(i) IfR =wg = C — 2, then

S =(8,C—-2CC+2C+3C+4C+
5C+7).

(iii) If R = w, = C, then

§=(8,(CC+2C+3C+4C+5C+
6,C+ 7).

(Sufficiency) The definition of Arf numerical
semigroup given in the Section 2 shows that each
semigroup given in Theorem 10 satisfies
the Arf property.

For any rational number x, the greatest integer
less than or equal to x is denoted by |x]. We denote
the set of Arf numerical semigroups and the number
of Arf numerical semigroups with multiplicity eight

and conductor C, where [%J > 1, by Syrr (8,C) and

N4rr (8, C), respectively. The above theorems can be
used to calculate the number of Arf numerical
semigroups with multiplicity eight and given
conductor.

Corollary 11 Let C be a positive integer such

that [%J>1. The number of Arf numerical
semigroups with multiplicity eight and conductor C is
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if C = 0 (mod 8),

if C = 2 (mod 8),

if C = 3 (mod 8),

if C = 4 (mod 8),

Narr (8,C) = (C—4)(C+43+(C—4)_1
2

if C = 5(mod 8),
C—-6 2
(T+ 1) if C = 6 (mod 8),
c-7
—+2 if C = 7 (mod 8).

Proof We give the proof for the case C =
0 (mod 8) where [§J>1. The proofs of the

remaining cases are similar. By Theorem 4, there are
seven types of semigroups in Syrr (8, C) Following
the order in Theorem 4, there is exactly one single
semigroup of the first type, while there are precisely

% semigroups of the second type. Similarly, there is

one single semigroup of the third type, one single

semigroup of the sixth type; there are precisely

1

> (g - 1) (g) semigroups of the fourth type, precisely

l(5—1) (g) semigroups of the fifth type, and

2 \8
precisely % semigroups of the seventh type. Thus

the number of elements in Syrr (8,C) is
c-8 1/C C
Nprr (8,0) =1+ (T) +1 +5(§— 1)(5) +

6@+ 1+(5)- () + @01

Example 1 There are two Arf numerical
semigroups with multiplicity eight and conductor 53:

(8,51,53,54,55,57,58,60) =
{0,8,16,24,32,40,48,51,53, -},

(8,53,54,55,57,58,59,60) =
{0,8,16,24,32,40,48,53, -}.

There are two Arf numerical semigroups with
multiplicity eight and conductor 853, too:

(8,851,853,854,855,857,858,860) =
{0,8,16,24,32,40,48,...,840,848,851,853, -},

(8,853,854,855,857,858,859,860) =
{0,8,16,24,32,40,48,...,840,848,853, -}.

Example 2 Let's find all Arf numerical
semigroups with eight and conductor 47.

Foru =1,2,3,3,5and C =47 = 7(mod 8) we
write five different semigroups as follows:

(8,12,47,49,50,51,53,54) =
{0,8,12,16,20,24,28,32,36,40,44,47, >},
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(8,20,47,49,50,51,53,54) =
{0,8,16,20,24,28,32,36,40, 44,47, -},

(8,28,47,49,50,51,53,54) =
{0,8,16,24,28,32,36,40,44,47, -},

(8,36,47,49,50,51,53,54) =
{0,8,16,24,32,36,40,44,47, -},

(8,44,47,49,50,51,53,54) =
{0,8,16,24,32,40, 44,47, -}.

In addition, two different Arf numerical
semigroups with eight and conductor 47 can be
written, these are as follows:

(8,45,47,49,50,51,52,54) =
{0,8,16,24,32,40,45,47 , -},

(8,47,49,50,51,52,53,54)={ 0, 8, 16, 24, 32, 40,
47,—1}.

CONCLUSION

In this study, all Arf numerical semigroups with
multiplicity 8 were characterized when given a
specific conductor. In addition, the number of all Arf
numerical semigroups with conductor C and
multiplicity 8 were formulated. In the continuation of
this study, Arf numerical semigroups with certain
multiplicities will be obtained, and it will be an
important resource for those working in the field of
numerical semigroup applications.
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