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Abstract

Using fixed point methods, we prove the stability and the superstability of Jordan k-
derivations on I'*-Banach algebras for the following Jensen-type functional equation
uf (%) +uf (xz;y) = f(ux) where u is a complex number such that [u| = 1. We also
investigate the stability and the superstability of Jordan k-x-derivations with the

functional equation f(2ux + uy) + f(ux + 2uy) = ulf (3x) + f(3y)] on I'*-Banach
algebras.

Keywords: T"-rings with involution, Hyers-Ulam-Rassias stability, Jordan k-x-derivations.

Jordan k-*-tirevlerinin I"*-Banach cebirlerinde sabit nokta
yontemiyle stabilitesi

Oz

Sabit nokta yontemlerini kullanarak, uf (?) + uf (%) = f(ux) ile tamimh Jensen

tipi fonksiyonel denklem igin Jordan k-*tiirevlerinin I'*-Banach cebirleri iizerindeki
stabilitesini ve stiper stabilitesini kanitliyoruz. Burada u sayisy, |u| = 1 sartint saglayan
bir karmasik sayidir. Ayrica, I'*-Banach cebirleri iizerindeki f(2ux + py) + f (ux +
2uy) = ulf(3x) + f(3y)] fonksiyonel denklemi ile Jordan k- »tiirevlerinin stabilitesini
ve stiper stabilitesini arastiryyoruz.

Anahtar kelimeler: Involiisyonlu T-halkalari, Hyers-Ulam-Rassias stabilitesi, Jordan k-
*-tiirevler.
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1. Introduction and preliminaries

In 1940, S.M. Ulam [1] made a significant contribution by introducing the concept of
stability of functional equations. He proposed the following problem:

Let (G,*) be a group and (G,,°, d) be a metric group with the metric d(.,.). Given ¢ >
0, does there exist a () > 0 such that if a function
f:G; — G, satisfies the inequality

d(f(x*y), f(x) e f (¥)) <6

for all x,y € G;, then there exists a homomorphism H:G; = G, such that
d(f(x),H(x)) < eforall x € G,?

More simply, we search for conditions that allow the existence of a homomorphism
between a group and a metric group that closely approximates a homomorphism. When
these conditions are satisfied, we call homomorphisms G; to G, stable.

In 1940, D.H. Hyers [2] made a significant advance by providing the first partial solution
to Ulam's question, in particular in the case of approximate additive mappings involving
Banach spaces G; and G,. Then, Th.M. Rassias [3] extended the Hyers’s stability theorem
for linear mappings by considering the existence of an unbounded Cauchy difference.
Subsequently, many researchers have investigated stability problems associated with a
wide variety of functional equations [4-6].

Let A be a real or complex algebra. A linear mapping D: A — A is said to be a derivation
if D(ab) = D(a)b + aD(b) forall a,b € A. P. Semrl was the first to achieve stability
results concerning derivations between operator algebras [7]. Recall that a Banach -

algebra is a Banach algebra which has an isometric involution. In general, all C*-algebras
are Banach x-algebra. Recently, the stability of x-derivations and Jordan *-derivations
on Banach x-algebras has been investigated by several authors, see [8-10] and references
therein.

The concept of T'-ring introduced by N. Nobusawa [11] extended the notion of ring to a
more general setting. Based on Nobusawa's definition, W.E. Barnes [12] further extended
the scope of I'-rings by slightly modifying the condition. The study of derivations and
Jordan derivations in the context of I'-rings was later investigated by M. Sapanci and A.
Nakajima [13], while H. Kandamar [14] further advanced the field by introducing and
developing the concept of k-derivations in I'-rings. In recent years, many results of T'-
rings have been extended to I'-algebras.

Suppose that V and I" are linear spaces over a field F. Then V is said to be a I"-algebra

(in the sense of Barnes [12]) over F if there exists a mapping V X I’ X V — V (the image
of (x, @, y) is denoted by xay) satisfying the following conditions:

() (xay)Bz = xa(yBz),
(i) Alxay) = (Ax)ay = x(Aa)y = xa(Ly),
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(i)  xa(y +z) = xay + xaz,

x(a+ By = xay + xBy,
(x+y)az = xaz + yaz

forall x,y,z€V, a,f €', A € F. The I'-algebra V is denoted by (I, V).

If V and I' are normed linear spaces over F, then I'-algebra (I', V) is called a I"-normed
algebra if conditions (i)-(iii) hold and further

(iv) Il xay II<Il x [IIl @ Il y Il holds forall x,y e Vand a € T.

Bhattacharya and Maity [15] introduced the notion of I"-Banach algebra, which extends
the traditional notions of Banach algebras and I'-rings. A I'-normed algebra (I, V) is
classified as a I'-Banach algebra when the underlying space V is a Banach space.
Interestingly, any Banach algebra can be considered as I'-Banach algebra by choosing the
appropriate I'. T'-Banach algebras are a generalization of the notions of both Banach
algebras and I'-rings. For example, the set of all bounded linear maps from an infinite
dimensional normed linear space X to a Banach space Y and the set of all m xn
rectangular matrices are I'-Banach algebras which are not general Banach algebras.

In 2014, Hoque et al. [16] introduced the notion of I'-ring with involution (also known as
I'*-ring). Now we give the definition of a I'*-algebra:

Definition 1.1. An involution on a I'-algebra V is a map x — x* of V onto itself such
that

) (ay)" =yax’,

(i) (+A) =x"+ Ay,

@)  (xH"'=x
forall x,y eV, a € I'and 1 € C. AT-algebra V equipped with an involution is called
a I'*-algebra. The I'*-algebra V is denoted by (I'*, V).

Now we define a k-*-derivation and a Jordan k-*-derivation on I"*-algebras as follows:

LetV be al*-algebraoverafield Fandletd:V — V and k: I' — I" be two linear operator.
If

d(xay) =dx)ay* + xk(a)y + xad(y)

forallx,y € Vand a € I', then d is called a k-+-derivation of V. If d(xax) = d(x)ax™ +
xk(a)x + xad(x) holds forall x € V and « € I', then d is called a Jordan k--derivation
of V. Itis clear that every k-+-derivation of a I'*-algebra V is a Jordan k-x-derivation of
V. However, the converse is not true in general.

In the proofs of our theorems, we shall use the following lemma which is proved in [17].

Lemma 1.2. [17] Let X and Y be linear spaces, T :={u € C| |u| = 1}and f: X - Y be
an additive mapping such that f(ux) = uf(x) for all x € X and all © € T. Then the
mapping f is C-linear.
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Let X be a nonempty set. A functiond: X X X — [0, o] is called a generalized metric on
X if and only if d satisfies

(i) d(x,y) =0ifand only if x = y,
(i)  d(xy)=dy,x),
@)  d(x,z) <d(x,y)+d(y, z)

forall x,y,z € X. Then (X, d) is called a generalized metric space.

It is worth noting that the main difference between the generalized metric and the usual
metric lies in the fact that the former allows the inclusion of infinity in its range.

Now, we need the use of the next fixed point theorem (see [18]):

Theorem 1.3. Let (X,d) be a complete generalized metric space and A: X — X be a
strictly contractive mapping; that is,

d(Ax, Ay) < Ld(x,y) (x,y € X)

with the Lipschitz constant 0 <L < 1. Then, for each given x € X, either
d(A™*1x, A™x) = oo for all n = 0, or otherwise there exists a natural number n, such
that

0) d(A™1x, Ax) < oo for all n = ny,

(i)  the sequence {A™x} converges to a fixed point x* of 4,

(iii)  x* is the unique fixed point of A in the set

X*={yeX|d(A"x,y) < o}

(V)  d(y,x") <—d(dy,y) forally € X.

B. Arslan and O. Arslan [19] proved the stability and superstability of homomorphisms
and k-derivations associated with the Cauchy functional equation on I"-Banach algebras
using the direct method.

In this paper, we will use the fixed point alternative introduced by Cadariu and Radu as a

powerful tool to determine the stability and superstability of Jordan k-x-derivations
associated with the following Jensen-type functional equation

wf () +uf () =Fw)  weT) ®

in I'*-Banach algebras. We also prove the stability and superstability of Jordan k-x-
derivations with the functional equation

fQux + py) + f(ux +2uy) = ulf(3x) + f(3y)] (meT)

in I"*-Banach algebras.
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2. Stability of Jordan k-x-derivations

In this section, we first prove the Hyers-Ulam-Rassias stability of Jordan k-*-derivations
associated with the Jensen-type functional equation (1) in I"*-Banach algebras.

Theorem 2.1. Let V be a I'*-Banach algebra over the complex field C. Suppose f:V —
V' is a mapping satisfying f(0) = 0 and g: I' — I" is a mapping satisfying g(0) = 0 for
which there exist functions ¢p; : VXV XV — [0, ), ¢,: T X I' = [0, ) such that

Iaf (52) + f (52) - £ () + f(a0) - f@aa” - ag(@)a— aef @ |

2
< ¢1(x,y, ), (2)
Il g(ua + up) —ug(a) —ug(B) Il < ¢y (a, p), (3)

forall ue T:={uecC||ul =1} and for all x,y,a €V, a,B €I'. If there exist L;,

x Yy a

L, <1 such that ¢y (x,y,a) < 2Li:5.%9)  and ¢,(a,p) < 2L,¢,(5,2) for
all x,y,a € Vand a, 8 € I', then there exists a unique linear map k from I to I satisfying

I 9(@) = k(@) I < 577 br(@, ), (4)

and there exists a unique Jordan k--derivation D: V — V such that

—¢,(x,0,0) ®)

_L1

I f(x)—D(x) II<
forallxeVanda €.
Xy a

Proof. It follows from ¢, (x,y,a) < 2L1¢1(E'E'E) that

li]rn 277 ¢, (27x,27y,27a) = 0 (6)
forall x,y,a € V. Byputtingu =1, y =a = 0in (2), we get

12F(3) -G 1< $1(x,0,0) )
forall x € V. Thus, we have

IS £(2%) = f(x) IS 5$1(2%,0,0) < Ly ¢ (x,0,0) (8)

for all x € V. Now, we consider the set X: = {h | h: V = V} and we introduce the
generalized metric on X:

d(r,h):=inf{C € R*:|| h(x) — r(x) I< C.¢1(x,0,0) for all x € V}.
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It can be easily shown that X is complete with the generalized metric d. Define the linear
mapping J: X - X by J(r)(x) = %r(Zx) for all re X,x e V. By Theorem 1.3,
d(J(h),J(r)) < Lyd(h,7) forall h,r € X. From (8), we have that

d(f,J(f)) < L.

As stated in Theorem 1.3, there is a unique fixed pointintheset X;:={r € X | d(f,r) <
oo} for the mapping J. Let us denote this fixed point as D. Consequently, D is the unique
mapping which has the property that D(2x) = 2D (x) for all x € V and there is a positive
constant C in the interval (0, o) such that the inequality I]|D(x) — f (x)|| < C. ¢,(x,0,0)
holds for all x € V. Moreover, we have lirrln d(J™(f),D) = 0. So,

hy%f@%sz@) (9)

Ly
1-L;

for all x € V. Since we have d(f,D) < ﬁd(f,](f)), then we get d(f,D) <
This implies the inequality (5). From (2), (6) and (9), we get

0(E52)+ 0(5)- oeo

= 1111312% @+ + R —y) - fRM)

1
< lim=— ¢, (2", 2™y,0) =0
n 27

forall x,y € V. So

DC§6+D@%§=M@

forall x,y € V. Putting z = ”Ty t = % in the above equation, we have that

D(z) +D(t) = D(z +t)

for all z,t € V. Thus D is Cauchy additive. Putting y =x, a =0 in (2), we get
Il pf(x) — f(ux) | < ¢p1(x,x,0) forall x e V. Thus

1
| D(2ux) + 2uD(x) = lirrlnz—n Il f(2u2™x) — 2uf (2Mx) I

1
< lim—¢,;(2™x,2™x,0) =0
n 21

forall u € T,and all x € V. According to Lemma 1.2, it can be deduced that the mapping
D:V - V is C-linear. Puttingu =1, a = B in (3), we have that || g(2a) — 2g(a) II<
¢,(a,a) forall « € I'. Hence,
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|59z - 9@ <5 ¢2(0.@) (10)

forall @ € I'. Now we consider the setY: = {q | g: ' — I'} and define the mapping d' on
Y x Y as follows:

d'(q1,92) == inf{C € R*: |l q1(a) — qz(a) | £ Cy(a,) foralla € T'}.

It is clear that d’ is a generalized metric on Y and the metric space (Y,d") is complete.
Also the mapping J': Y — Y defined by

1
J' (@@ =3a(2a) (@ €D

is strictly contractive on Y. Thatis, d'(J'(q1),)'(q2)) < L,d'(q4,q;) forall ¢;,q, €Y.
It follows from (10) that

1
d'(g,]'(9)) < 5

Let Y;:={r € Y|d'(g,r) < oo}. Then ]’ has a unique fixed point in the set ¥; by
Theorem 1.3. Therefore, there exists a unique mapping k: I' - I' such that k is the fixed
point of /' and k(a) :=1im 2 " g(2"a) forall « € I', and so

n

! 1 Vi ! 1
d'(9.0) < 7-d'0'(9).9) < 5
Hence (4) holds for all « € I'. Also we have

lim2~/¢,(27a,2/B) = 0.
]

Replacing a by 2™« and putting 8 = 0 in (3), we have k(ua) = uk(a) forall « € I and
all u € T. Now, by Lemma 1.2, k is C-linear.

It follows from (2) that

| D(aaa) — D(a)aa* — ak(a)a — aaD(a) |l

= lim
n

1 1 1 1
o (") - — (2 )aa 5 ag(2Ma)a - oz aaf (2|

= lim
n

1 1 1
2Tnf(Z"aozZ”OL) — ZTnf(Z”a)aZ"a* ~ 2"ag(a)2™a

1
~ e 2"aaf (2"a) ”

1 1
< llrrlnzTngbl(O,O, Z"a) < 1115112—n¢1(0,0, 2na) =0
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forall x,a € V,a € I'. Thus D is a Jordan k-+-derivation on (I"*, V).

Corollary 2.2. Let V be a I'*-Banach algebra over the complex field C. Suppose f : V —
V is a mapping satisfying f(0) = 0 and g:I" — I' is a mapping satisfying g(0) = 0 for
which there exist real numbers 6,,0, € [0,0) and p,t € (0,1) such that

s (552) + ur (F52) = £ ) + £ (aaa) - f(@aa ~ ag(@ra— aaf (@)
<O x 1P+ y IP+1 a lIP),

I g(ua + pp) — pg(a) —ug(B) I < 6l I*+ 11 B 1IY)

forall u € Tand all x,y,a € V,a, € I'. Then there exists a unique linear mapping k
from I to I satisfying

20,

2 all,

Il gla) —k(a) Il <

and there exists a unique Jordan k-+-derivation D:V — V such that

p

I £~ DG IS s

forallxeVanda €.

Proof. In Theorem 2.1, if we take ¢, (x,y,a) := 6;(ll x 1P+l y IP+Il a IIP) with L; =
2P71 and ¢, (a, B) := O0,(ll a I+l B IIY) with L, = 2t forall x,y,a €V, a,B €T,
then we get the desired result.

Now, we have the following superstability result of Jordan k-*-derivations.
Corollary 2.3. Let V be a I'*-Banach algebra over the complex field C. Suppose that

p,q,1,t,1,0,,60, are non-negative real numbers with 0 <p+q+r+1,0<t+1+
1 and suppose that f : V — V and g: I' - I" are mappings such that

s (52) + uf (F52) = £ ) + f(aaa) - f(@aa = ag(@a — aaf (@)
<O (hx Py 190 a ™),

I g(ua + up) — ug(a) — ug(B) 1< 6,(a Il B 1IY)

forallu e Tandall x,y,a €V, a,f € I'. Then f is a Jordan k-x-derivation on (I"*, V),
where k: I' — I' is a linear map.

Proof. Putting x =y =a =0 and u =1 in (11), we have that f(0) = 0. If we put
a=0and u = 1in(12), then we have g(0) = 0. Puttinga =y =0and u = 1in (11),

we conclude that 2f (g) = f(x) for all x € V, and by using induction we get f(x) =
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f(z—zx)forall x €Vandn € N. Ifweputa = and u = 1in(12), we have that g(2a) =

2g(a) for all « € I', and using induction again we get g(a) = g(z—:“) for all « € I" and

n € N. By referring to Theorem 2.1 when changing ¢, (x,y,a) :=6,(ll x IPIl y Il
al™) and ¢, (a, ) :=6,(ll a Xl B II') for all x,y,a €V and a, B € I', we can obtain
the desired result.

In 2009, A. Najati and C. Park [20] obtained the general solution of the following
functional equation

fQux +py) + f(ux + 2uy) = ulfBx)+fBy)] (wmeT) (13)

and they investigated the stability of homomorphisms and generalized derivations for
these functional equations on Banach algebras.

Lemma 2.4. [13] Let X and Y be linear spaces. A mapping f:X — Y satisfies the
functional equation (13) for all x,y € X and all u € T, if and only if f is C-linear.

Now we consider the Hyers-Ulam-Rassias stability of Jordan k-s-derivations in I'*-
Banach algebras with the functional equation (13).

Theorem 2.5. Let V be a I'*-Banach algebra over the complex field C. Suppose f:V —
V' is a mapping such that f(0) = 0 and g:I" = I' is a mapping such that g(0) = 0 for
which there exist functions ¢, : VXV XV — [0,00)and ¢, : I' X I' = [0, o0) satisfying

Il fQCux + py) + f(ux + 2uy) — ulfBx) + f(3y)] + f(aaa) — f(a)aa™ —
ag(a)a - aaf(a) ” < (pl(xl Y, a)’ (14)

Il g(ua + up) — ug(a) —ug(B) I < ¢,(a,p) (15)

forallu e Tandx,y,a €V, a,B €. Ifthere exist L;, L, < 1 such that

4¢,(x,y,a) < Lip,(2x,2y,2a) (16)

and ¢,(2a,2B) < 2L,¢@,(a,B) forall x,y,a € V, a, B € I', then there exists a unique
linear map k from I" to I" satisfying

1

I 9(@) = k(@) | < 55 @2(a, @), (17)

and there exists a unique Jordan k-x-derivation D: V — V such that

L
[ f(x) - D(X) < 4_—21141l)(x) (18)
forall x € V and a € I', where

Ve =91 (5,00) + 01 (=5,00) + 01 (5. =5.0) + 01 (3.-5.0)

119



Proof. It follows from 4¢,(x,y,a) < L1¢1(2x,2y,2a) that

(x y a
277 2)7 2]

li]r_n 2%, )=10

forall x,y,a € V. Puttingu = 1, y = a = 0 in (14), we get

I f(2x) + f(x) — f(Bx) Il < ¢1(x,0,0)

forall x € V. Hence

I(FC) + f(=x0) + (F2x) + f(=2x)) = (fFBx) + f(=3x))
SHfE)+7F2x) = fBx) I+ 1 f(=x) + f(=2x) — f(=3x) |
< 01(x,0,0) + ¢, (—x,0,0)

forall x € V. Lettingu =1, y = —x and a = 0 in (14), we have
I fC) + f(=x) = fFBx) = f(=3x) | < 91 (x, —x,0)

forall x € V. Therefore by (21) we have

Il G)+ 7 (=Dl = 01 (G 00) + 01 (=5.00) 00 (. 5.0

forall x e V. Lettingu=1,y = —Eand a = 0 in (14), we get
IrG)-7(-3)-r@[ = G.-5.0)

forall x € V. Hence, it follows from (22) and (23) that

ARSLAN B.

(19)

(20)

(21)

(22)

(23)

|27 5) = r | < 01 (5.00) + 91 (=5.00) + 01 (5.-5.0) + 01 (5. - 5.0) (24)

forall x € V, and so

l2r @) - reol| < v ) = 2w

forall x € V. Using a similar argument as the one used in the proof of Theorem 2.1, there

is a unique C-linear mapping D: V — V satisfying (18), and

o) = iy 2 ()

(25)

for all x € V. One can use the inequality (15) to show that there exist a unique linear

mapping k: I' = I' defined by k(a) := lim 27"g(2"a).
n—-o0o
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It follows from (14) that

| D(aaa) — D(a)aa® — ak(a)a — aaD(a) |l

= li7£n | 22" f (27" aaa) — 2" f (2 "a)aa* — a2 "g(2"a)a — aa2™f(27"a) |l

= lim | 27 (27 "aa2™a) — 22" f (2 "a)a2 "a* — 22" (2 "a)g(a)(27"a)
=222 "qaf (27 ") I

< lim4"¢,(0,0,27"a) =0
n
forall x,a € V,a € I'. Thus D is a Jordan k-+-derivation on (I"*, V).

Corollary 2.6. Let V be a I'*-Banach algebra over the complex field C. Suppose f: V —
V' is a mapping such that f(0) = 0 and g:I" — I" is a mapping such that g(0) = 0 for
which there exist 84,0, € [0, ) and p € (0,2), t € (0,1) satisfying

I fQux + py) + f(ux + 2uy) — uf (3x) — uf 3y) + f(aaa) — f(a)aa”™ —
ag(a@)a —aaf(a) || < 6,([lx]I” + llylIP + llallP),

I g(ua + up) — pg(a) —pug(B) I < 6, (llall* + 11811

forall w € Tand all x,y,a €V, a,f € I'. Then there exists a unique linear mapping
from I to I satisfying

20
lg(@) — k(@ < 5— llall’

and there exists a unique Jordan k--derivation D: V — V such that

2P + 4 X 3P 4 4P
3p(8 — 2p+1)

If () =Dl < 61 11x|1P

forallxeVanda er.

Proof. Put ¢, (x,y,a) := 0,(llx||” + [lylI” + llall’) and L; = 2P~*, and put ¢,(a, B)
= 0,(|lall® + ||1BII*) and L, = 2t forall x,y,a € V and a, B € I" in Theorem 2.5.

Now we consider the superstability of Jordan k--derivations with the functional equation
(13).

Corollary 2.7. Let V be a I'*-Banach algebra over the complex field C. Suppose that
p,q,1,t,1, 04,0, are non-negative real numberswith0 <p+q+r#2,0<t+1+#1
and suppose that f:V - V and g: I" — I' are mappings such that

I fQux + py) + f(ux + 2uy) — uf 3x) — uf 3y) + f(aaa) — f(a)aa™ —
ag(a@)a —aaf(a) I < 8. (lxIIP|lyll?llall™), (26)
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I gQua + pp) — pg(a) —pg(B) I < G,(llell*lIBIY (27)

forallpy e Tandall x,y,a € V, a,B8 € I'. Then fis a Jordan k-*-derivation on (I'*,V),
where k: I' — I' is a linear map.

Proof. Puttingx =y =a =0and u = 1in (26), we have f(0) = 0. Putting « = 0 and
u=1in(27), we get g(0) = 0. By puttinga =y = 0 and u = 1 in (26), we have that
f@x)+ f(x)—f(@Bx)=0forallx e V. Byputtingu =1, y = —xand a = 0 in (26),

we get f(x) + f(—x) — f(3x) — f(—3x) = 0 for all x € V. Hence, by using the last
two equations, we obtain that

—f2x) = f(x) + f(3x) — f(=2x) — f(=x) + f(=3x) + f(x) + f(—=x) — f(Bx) —
f(=3x) =0;

thatis, f(2x) + f(—2x) = 0 forall x € V. If we replace x by% , then we get
X X
rE)+r(-3)=0 (28)
forall x € V. Puttingu = 1,y = —>and a = 0 in (26), we have that
X X
FG)-r(=3)-re=o

forall x € V. From (28), we conclude that 2f (g) = f(x) forall x € V, and by induction
we get

f(2"x)
fe) ==
forall xeVandneN. If we puta =p and u =1 in (27), we have that g(2a) =
2g(a) for all @ € I', and using induction again we get g(a) = % forall « € I' and

n € N. Then, putting ¢, (x, y, @) == 6, (|lx|IPllyl|llall") and @ (a, B) := 6, (la*lI B1I")
forall x,y,a € Vand all a, 8 € I', we reach the desired result by Theorem 2.5.

3. Conclusion

As we pointed out in the introduction, in this paper we have studied the stability of

functional equations on I'*-Banach algebras which are more general than Banach x-
algebras. Some stability and superstability results of this new concept have been obtained
and the author thinks that by using various methods the results could be extended in the
future over other fields in which I"-algebras could be defined.
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