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Abstract 

 

Using fixed point methods, we prove the stability and the superstability of Jordan k-∗-

derivations on Γ∗-Banach algebras for the following Jensen-type functional equation 

𝜇𝑓 (
𝑥+𝑦

2
) + 𝜇𝑓 (

𝑥−𝑦

2
) = 𝑓(𝜇𝑥) where 𝜇 is a complex number such that |𝜇|  =  1.  We also 

investigate the stability and the superstability of Jordan k-∗-derivations with the 

functional equation 𝑓(2𝜇𝑥 + 𝜇𝑦) + 𝑓(𝜇𝑥 + 2𝜇𝑦) = 𝜇[𝑓(3𝑥) + 𝑓(3𝑦)] on Γ∗-Banach 

algebras.  

 

Keywords: Γ-rings with involution, Hyers-Ulam-Rassias stability, Jordan k-∗-derivations.  

 

 

Jordan k-∗-türevlerinin Γ*-Banach cebirlerinde sabit nokta 

yöntemiyle stabilitesi 
 

 

Öz 

 

Sabit nokta yöntemlerini kullanarak, 𝜇𝑓 (
𝑥+𝑦

2
) + 𝜇𝑓 (

𝑥−𝑦

2
) = 𝑓(𝜇𝑥)  ile tanımlı Jensen 

tipi fonksiyonel denklem için Jordan k-∗-türevlerinin Γ*-Banach cebirleri üzerindeki 

stabilitesini ve süper stabilitesini kanıtlıyoruz.  Burada μ sayısı, |𝜇|  =  1 şartını sağlayan 

bir karmaşık sayıdır.  Ayrıca, Γ*-Banach cebirleri üzerindeki 𝑓(2𝜇𝑥 + 𝜇𝑦) + 𝑓(𝜇𝑥 +
2𝜇𝑦) = 𝜇[𝑓(3𝑥) + 𝑓(3𝑦)] fonksiyonel denklemi ile Jordan k-∗-türevlerinin stabilitesini 

ve süper stabilitesini araştırıyoruz. 

 

Anahtar kelimeler: İnvolüsyonlu Γ-halkaları, Hyers-Ulam-Rassias stabilitesi, Jordan k-

*-türevler. 
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1. Introduction and preliminaries 

In 1940, S.M. Ulam [1] made a significant contribution by introducing the concept of 

stability of functional equations. He proposed the following problem:  

 

Let (𝐺1,∗) be a group and (𝐺2,∘, 𝑑) be a metric group with the metric 𝑑(. , . ).  Given  휀 >
0, does there exist a δ(휀) > 0 such that if a function 

 f : 𝐺1  →  𝐺2 satisfies the inequality  

𝑑(𝑓(𝑥 ∗ 𝑦), 𝑓(𝑥) ∘ 𝑓 (𝑦)) < 𝛿 

for all 𝑥, 𝑦 ∈ 𝐺1, then there exists a homomorphism 𝐻: 𝐺1 → 𝐺2 such that 

𝑑(𝑓(𝑥), 𝐻(𝑥)) <  휀 for all 𝑥 ∈ 𝐺1?   

More simply, we search for conditions that allow the existence of a homomorphism 

between a group and a metric group that closely approximates a homomorphism.  When 

these conditions are satisfied, we call homomorphisms 𝐺1 to 𝐺2 stable.  

In 1940, D.H. Hyers [2] made a significant advance by providing the first partial solution 

to Ulam's question, in particular in the case of approximate additive mappings involving 

Banach spaces 𝐺1 and 𝐺2.  Then, Th.M. Rassias [3] extended the Hyers’s stability theorem 

for linear mappings by considering the existence of an unbounded Cauchy difference.  

Subsequently, many researchers have investigated stability problems associated with a 

wide variety of functional equations [4-6].  

Let 𝐴 be a real or complex algebra.  A linear mapping 𝐷: 𝐴 → 𝐴 is said to be a derivation 

if 𝐷(𝑎𝑏) = 𝐷(𝑎)𝑏 + 𝑎𝐷(𝑏) for all 𝑎, 𝑏 ∈ 𝐴.  P. Semrl was the first to achieve stability 

results concerning derivations between operator algebras [7].  Recall that a Banach ∗-

algebra is a Banach algebra which has an isometric involution.  In general, all C∗-algebras 

are Banach ∗-algebra.  Recently, the stability of ∗-derivations and Jordan ∗-derivations 

on Banach ∗-algebras has been investigated by several authors, see [8-10] and references 

therein.  

The concept of Γ-ring introduced by N. Nobusawa [11] extended the notion of ring to a 

more general setting.  Based on Nobusawa's definition, W.E. Barnes [12] further extended 

the scope of Γ-rings by slightly modifying the condition.  The study of derivations and 

Jordan derivations in the context of Γ-rings was later investigated by M. Sapanci and A. 

Nakajima [13], while H. Kandamar [14] further advanced the field by introducing and 

developing the concept of k-derivations in Γ-rings.  In recent years, many results of Γ-

rings have been extended to Γ-algebras. 

Suppose that 𝑉 and Γ are linear spaces over a field 𝐹.  Then 𝑉 is said to be a Γ-algebra 

(in the sense of Barnes [12]) over 𝐹 if there exists a mapping 𝑉 × 𝛤 × 𝑉 → 𝑉 (the image 

of (𝑥, 𝛼, 𝑦) is denoted by 𝑥𝛼𝑦) satisfying the following conditions:  

(i) (𝑥𝛼𝑦)𝛽𝑧 = 𝑥𝛼(𝑦𝛽𝑧), 

(ii) 𝜆(𝑥𝛼𝑦) = (𝜆𝑥)𝛼𝑦 = 𝑥(𝜆𝛼)𝑦 = 𝑥𝛼(𝜆𝑦),  
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(iii) 𝑥𝛼(𝑦 + 𝑧) = 𝑥𝛼𝑦 + 𝑥𝛼𝑧, 

𝑥(𝛼 + 𝛽)𝑦 = 𝑥𝛼𝑦 + 𝑥𝛽𝑦, 
(𝑥 + 𝑦)𝛼𝑧 = 𝑥𝛼𝑧 + 𝑦𝛼𝑧  

for all 𝑥, 𝑦, 𝑧 ∈ 𝑉, 𝛼, 𝛽 ∈ 𝛤, 𝜆 ∈ 𝐹.  The Γ-algebra 𝑉 is denoted by (𝛤, 𝑉).  

If 𝑉 and Γ are normed linear spaces over 𝐹, then Γ-algebra (Γ, 𝑉) is called a Γ-normed 

algebra if conditions (i)-(iii) hold and further  

(iv)  ∥ 𝑥𝛼𝑦 ∥≤∥ 𝑥 ∥·∥ 𝛼 ∥·∥ 𝑦 ∥ holds for all 𝑥, 𝑦 ∈ 𝑉 and 𝛼 ∈ 𝛤. 

Bhattacharya and Maity [15] introduced the notion of Γ-Banach algebra, which extends 

the traditional notions of Banach algebras and Γ-rings.  A Γ-normed algebra (Γ, V) is 

classified as a Γ-Banach algebra when the underlying space V is a Banach space. 

Interestingly, any Banach algebra can be considered as Γ-Banach algebra by choosing the 

appropriate Γ.  Γ-Banach algebras are a generalization of the notions of both Banach 

algebras and Γ-rings.  For example, the set of all bounded linear maps from an infinite 

dimensional normed linear space 𝑋 to a Banach space 𝑌 and the set of all 𝑚 × 𝑛 

rectangular matrices are Γ-Banach algebras which are not general Banach algebras.  

In 2014, Hoque et al. [16] introduced the notion of Γ-ring with involution (also known as 

Γ∗-ring).  Now we give the definition of a Γ∗-algebra: 

Definition 1.1. An involution on a Γ-algebra 𝑉 is a map 𝑥 ↦ 𝑥∗ of  𝑉 onto itself such 

that 

(i) (𝑥𝛼𝑦)∗ = 𝑦∗𝛼𝑥∗, 

(ii) (𝑥 + 𝜆𝑦)∗ = 𝑥∗ + 𝜆𝑦∗, 

(iii) (𝑥∗)∗ = 𝑥  

for all 𝑥, 𝑦 ∈ 𝑉, 𝛼 ∈ 𝛤 and 𝜆 ∈ ℂ.  A Γ-algebra 𝑉 equipped with an involution is called 

a 𝛤∗-algebra. The 𝛤∗-algebra 𝑉 is denoted by (𝛤∗, 𝑉). 

Now we define a k-∗-derivation and a Jordan k-∗-derivation on Γ∗-algebras as follows: 

Let 𝑉 be a Γ∗-algebra over a field 𝐹 and let 𝑑: 𝑉 → 𝑉 and 𝑘: 𝛤 → 𝛤 be two linear operator. 

If  

𝑑(𝑥𝛼𝑦) = 𝑑(𝑥)𝛼𝑦∗ + 𝑥𝑘(𝛼)𝑦 + 𝑥𝛼𝑑(𝑦)  

for all 𝑥, 𝑦 ∈ 𝑉 and 𝛼 ∈ 𝛤, then 𝑑 is called a k-∗-derivation of 𝑉.  If 𝑑(𝑥𝛼𝑥) = 𝑑(𝑥)𝛼𝑥∗ +
𝑥𝑘(𝛼)𝑥 + 𝑥𝛼𝑑(𝑥) holds for all 𝑥 ∈ 𝑉 and 𝛼 ∈ 𝛤, then 𝑑 is called a Jordan k-∗-derivation 

of 𝑉.  It is clear that every 𝑘-∗-derivation of a Γ∗-algebra 𝑉 is a Jordan 𝑘-∗-derivation of 

𝑉.  However, the converse is not true in general. 

In the proofs of our theorems, we shall use the following lemma which is proved in [17]. 

 Lemma 1.2. [17] Let 𝑋 and 𝑌 be linear spaces, 𝕋 ∶= {𝜇 ∈ ℂ | |𝜇| = 1} and 𝑓: 𝑋 → 𝑌 be 

an additive mapping such that 𝑓(𝜇𝑥) = 𝜇𝑓(𝑥) for all 𝑥 ∈ 𝑋 and all 𝜇 ∈ 𝕋.  Then the 

mapping 𝑓 is ℂ-linear.  
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Let 𝑋 be a nonempty set.  A function 𝑑: 𝑋 × 𝑋 → [0, ∞] is called a generalized metric on 

𝑋 if and only if 𝑑 satisfies  

(i) 𝑑(𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦, 

(ii) 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥),  

(iii) 𝑑(𝑥, 𝑧) ≤ 𝑑(𝑥, 𝑦) + 𝑑(𝑦, 𝑧) 

for all 𝑥, 𝑦, 𝑧 ∈ 𝑋.  Then (𝑋, 𝑑) is called a generalized metric space.  

It is worth noting that the main difference between the generalized metric and the usual 

metric lies in the fact that the former allows the inclusion of infinity in its range. 

Now, we need the use of the next fixed point theorem (see [18]):  

Theorem 1.3. Let (𝑋, 𝑑) be a complete generalized metric space and 𝛬: 𝑋 → 𝑋 be a 

strictly contractive mapping; that is,  

𝑑(𝛬𝑥, 𝛬𝑦) ≤ 𝐿𝑑(𝑥, 𝑦)              (𝑥, 𝑦 ∈  𝑋) 
 
with the Lipschitz constant 0 ≤ 𝐿 <  1.  Then, for each given 𝑥 ∈ 𝑋, either 

𝑑(𝛬𝑛+1𝑥, 𝛬𝑛𝑥) = ∞ for all 𝑛 ≥ 0, or otherwise there exists a natural number 𝑛0 such 

that 

(i) 𝑑(𝛬𝑛+1𝑥, 𝛬𝑛𝑥) < ∞ for all 𝑛 ≥ 𝑛0,  

(ii) the sequence {𝛬𝑛𝑥} converges to a fixed point 𝑥∗ of 𝛬,  

(iii) 𝑥∗ is the unique fixed point of 𝛬 in the set  

𝑋∗ = {𝑦 ∈ 𝑋 | 𝑑(𝛬𝑛0𝑥, 𝑦) < ∞};  

(iv)  𝑑(𝑦, 𝑥∗) ≤
1

1−𝐿
𝑑(𝛬𝑦, 𝑦)  for all 𝑦 ∈ 𝑋.  

B. Arslan and O. Arslan [19] proved the stability and superstability of homomorphisms 

and k-derivations associated with the Cauchy functional equation on Γ-Banach algebras 

using the direct method.  

In this paper, we will use the fixed point alternative introduced by Cadariu and Radu as a 

powerful tool to determine the stability and superstability of Jordan k-∗-derivations 

associated with the following Jensen-type functional equation 

𝜇𝑓 (
𝑥+𝑦

2
) + 𝜇𝑓 (

𝑥−𝑦

2
) = 𝑓(𝜇𝑥)         (𝜇 ∈ 𝑇)                                                                    (1) 

in Γ∗-Banach algebras.  We also prove the stability and superstability of Jordan k-∗-

derivations with the functional equation  

𝑓(2𝜇𝑥 + 𝜇𝑦) +  𝑓(𝜇𝑥 + 2𝜇𝑦) = 𝜇[𝑓(3𝑥) +  𝑓(3𝑦)]                   (𝜇 ∈ 𝑇)  

in Γ∗-Banach algebras. 
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2.  Stability of Jordan k-∗-derivations  

In this section, we first prove the Hyers-Ulam-Rassias stability of Jordan k-∗-derivations 

associated with the Jensen-type functional equation (1) in Γ∗-Banach algebras. 

Theorem 2.1. Let 𝑉 be a Γ∗-Banach algebra over the complex field ℂ.  Suppose 𝑓: 𝑉 →
𝑉 is a mapping satisfying 𝑓(0) = 0 and 𝑔: 𝛤 → 𝛤 is a mapping satisfying 𝑔(0) = 0 for 

which there exist functions 𝜙1 ∶ 𝑉 × 𝑉 × 𝑉 → [0, ∞), 𝜙2: 𝛤 × 𝛤 → [0, ∞) such that 

 

∥ 𝜇𝑓 (
𝑥+𝑦

2
) + 𝜇𝑓 (

𝑥−𝑦

2
) − 𝑓(𝜇𝑥) + 𝑓(𝑎𝛼𝑎) − 𝑓(𝑎)𝛼𝑎∗ − 𝑎𝑔(𝛼)𝑎 − 𝑎𝛼𝑓(𝑎) ∥

              ≤  𝜙1(𝑥, 𝑦, 𝑎),                                                                                                     (2) 

 

∥ 𝑔(𝜇𝛼 + 𝜇𝛽) − 𝜇𝑔(𝛼) − 𝜇𝑔(𝛽) ∥ ≤  𝜙2(𝛼, 𝛽),                                                           (3) 

for all 𝜇 ∈ 𝕋: = {𝜇 ∈ ℂ | |𝜇| = 1} and for all 𝑥, 𝑦, 𝑎 ∈ 𝑉, 𝛼, 𝛽 ∈ 𝛤.  If there exist 𝐿1,

𝐿2  < 1 such that 𝜙1(𝑥, 𝑦, 𝑎)  ≤  2𝐿1𝜙1(
𝑥

2
,

𝑦

2
,

𝑎

2
)  and 𝜙2(𝛼, 𝛽) ≤ 2𝐿2𝜙2

(
𝛼

2
,

𝛽

2

 

) for 

all 𝑥, 𝑦, 𝑎 ∈ 𝑉 and 𝛼, 𝛽 ∈ 𝛤, then there exists a unique linear map 𝑘 from Γ to Γ satisfying 

 ∥ 𝑔(𝛼) − 𝑘(𝛼) ∥ ≤
1

2(1−𝐿2)

 
𝜙2(𝛼, 𝛼),                                                                              (4) 

and there exists a unique Jordan k-∗-derivation 𝐷: 𝑉 → 𝑉 such that  

 

∥ 𝑓(𝑥) − 𝐷(𝑥) ∥≤
𝐿1

1−𝐿1
𝜙1(𝑥, 0,0)                                                                                    (5) 

for all 𝑥 ∈ 𝑉 and 𝛼 ∈ 𝛤. 

Proof. It follows from 𝜙1(𝑥, 𝑦, 𝑎)  ≤  2𝐿1𝜙1(
𝑥

2
,

𝑦

2
,

𝑎

2
)  that  

lim
𝑗

2−𝑗𝜙1(2𝑗𝑥, 2𝑗𝑦, 2𝑗𝑎) = 0                                                                                           (6) 

 

for all 𝑥, 𝑦, 𝑎 ∈ 𝑉.  By putting 𝜇 = 1, 𝑦 = 𝑎 = 0 in (2), we get 

 

∥ 2 𝑓 (
𝑥

2
) − 𝑓(𝑥) ∥ ≤  𝜙1(𝑥, 0, 0)                                                                                      (7) 

for all 𝑥 ∈ 𝑉.  Thus, we have 

 

∥
1

2
𝑓(2𝑥) − 𝑓(𝑥) ∥≤

1

2
𝜙1(2𝑥, 0,0) ≤ 𝐿1𝜙1(𝑥, 0,0)                                                      (8)     

 

for all 𝑥 ∈ 𝑉.  Now, we consider the set 𝑋: = {ℎ | ℎ: 𝑉 → 𝑉} and we introduce the 

generalized metric on X:  

𝑑(𝑟, ℎ): = 𝑖𝑛𝑓{𝐶 ∈ ℝ+: ∥ ℎ(𝑥) − 𝑟(𝑥) ∥≤ 𝐶. 𝜙1(𝑥, 0,0) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑉}. 
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It can be easily shown that 𝑋 is complete with the generalized metric 𝑑.  Define the linear 

mapping 𝐽: 𝑋 → 𝑋 by 𝐽(𝑟)(𝑥) =
1

2
𝑟(2𝑥) for all 𝑟 ∈ 𝑋, 𝑥 ∈ 𝑉.  By Theorem 1.3, 

𝑑(𝐽(ℎ), 𝐽(𝑟)) ≤ 𝐿1𝑑(ℎ, 𝑟) for all ℎ, 𝑟 ∈ 𝑋.  From (8), we have that  

𝑑(𝑓, 𝐽(𝑓)) ≤ 𝐿1. 

As stated in Theorem 1.3, there is a unique fixed point in the set 𝑋1: = {𝑟 ∈ 𝑋 | 𝑑(𝑓, 𝑟) <
∞} for the mapping 𝐽.  Let us denote this fixed point as 𝐷.  Consequently, 𝐷 is the unique 

mapping which has the property that 𝐷(2𝑥) = 2𝐷(𝑥) for all 𝑥 ∈ 𝑉 and there is a positive 

constant 𝐶 in the interval (0, ∞) such that the inequality ‖‖𝐷(𝑥) − 𝑓(𝑥)‖ ≤ 𝐶. 𝜙1(𝑥, 0,0) 

holds for all 𝑥 ∈ 𝑉.  Moreover, we have lim
𝑛

𝑑(𝐽𝑛(𝑓), 𝐷) = 0.  So, 

 
lim

𝑛

1

2𝑛 𝑓(2𝑛𝑥) = 𝐷(𝑥)                                                                                                     (9) 

for all 𝑥 ∈ 𝑉.  Since we have 𝑑(𝑓, 𝐷) ≤
1

1−𝐿1
𝑑(𝑓, 𝐽(𝑓)), then we get 𝑑(𝑓, 𝐷) ≤

𝐿1

1−𝐿1 
.  

This implies the inequality (5).  From (2), (6) and (9), we get  

∥ 𝐷 (
𝑥 + 𝑦

2
) +  𝐷 (

𝑥 − 𝑦

2
) −  𝐷(𝑥) ∥  

=  lim
𝑛

1

2𝑛
∥ 𝑓(2𝑛−1(𝑥 + 𝑦)) + 𝑓(2𝑛−1(𝑥 − 𝑦)) − 𝑓(2𝑛𝑥) ∥  

≤ lim
𝑛

1

2𝑛
𝜙1(2𝑛𝑥, 2𝑛𝑦, 0) = 0  

for all 𝑥, 𝑦 ∈ 𝑉.  So 

𝐷 (
𝑥 + 𝑦

2
) +  𝐷 (

𝑥 − 𝑦

2
) = 𝐷(𝑥)

 
 

for all 𝑥, 𝑦 ∈ 𝑉.  Putting 𝑧 =
𝑥+𝑦

2
, 𝑡 =

𝑥−𝑦

2
 in the above equation, we have that 

𝐷(𝑧) + 𝐷(𝑡) = 𝐷(𝑧 + 𝑡) 
 
for all 𝑧, 𝑡 ∈ 𝑉.  Thus 𝐷 is Cauchy additive.  Putting 𝑦 = 𝑥, 𝑎 = 0 in (2), we get  

∥ 𝜇𝑓(𝑥) − 𝑓(𝜇𝑥) ∥ ≤ 𝜙1(𝑥, 𝑥, 0) for all 𝑥 ∈ 𝑉.  Thus 

∥ 𝐷(2𝜇𝑥) + 2𝜇𝐷(𝑥) ∥= lim
𝑛

1

2𝑛
∥ 𝑓(2𝜇2𝑛𝑥) − 2𝜇𝑓(2𝑛𝑥) ∥ 

≤ lim
𝑛

1

2𝑛
𝜙1(2𝑛𝑥, 2𝑛𝑥, 0) = 0 

 

for all 𝜇 ∈ 𝕋, and all 𝑥 ∈ 𝑉.  According to Lemma 1.2, it can be deduced that the mapping 

𝐷: 𝑉 → 𝑉 is ℂ-linear.  Putting 𝜇 = 1, 𝛼 = 𝛽 in (3), we have that ∥ 𝑔(2𝛼) − 2𝑔(𝛼) ∥≤
𝜙2(𝛼, 𝛼) for all 𝛼 ∈ 𝛤.  Hence,  
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‖
1

2
𝑔(2𝛼) − 𝑔(𝛼)‖ ≤

1

2
𝜙2(𝛼, 𝛼)                                                                                    (10) 

for all 𝛼 ∈ 𝛤.  Now we consider the set 𝑌: = {𝑞 | 𝑞: 𝛤 → 𝛤} and define the mapping 𝑑′ on 

𝑌 × 𝑌 as follows:  

𝑑′(𝑞1, 𝑞2) ∶=  𝑖𝑛𝑓{𝐶 ∈  ℝ+ : ∥ 𝑞1(𝛼) − 𝑞2(𝛼) ∥ ≤  𝐶𝜙2(𝛼, 𝛼) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝛼 ∈ 𝛤}. 

It is clear that 𝑑′ is a generalized metric on 𝑌 and the metric space (𝑌, 𝑑′) is complete. 

Also the mapping 𝐽′: 𝑌 → 𝑌 defined by 

𝐽′(𝑞)(𝛼) =
1

2
𝑞(2𝛼)                      (𝛼 ∈  𝛤) 

is strictly contractive on 𝑌.  That is, 𝑑′(𝐽′(𝑞1), 𝐽′(𝑞2)) ≤ 𝐿2𝑑′(𝑞1, 𝑞2) for all 𝑞1, 𝑞2 ∈ 𝑌. 

It follows from (10) that  

𝑑′(𝑔, 𝐽′(𝑔)) ≤
1

2 
. 

Let 𝑌1 ∶= {𝑟 ∈  𝑌 | 𝑑′(𝑔, 𝑟) < ∞}. Then  𝐽′ has a unique fixed point in the set 𝑌1 by 

Theorem 1.3. Therefore, there exists a unique mapping 𝑘: 𝛤 → 𝛤 such that 𝑘 is the fixed 

point of 𝐽′ and 𝑘(𝛼) ∶= lim
𝑛

2−𝑛𝑔(2𝑛𝛼) for all 𝛼 ∈ 𝛤, and so   

𝑑′(𝑔, 𝑘) ≤
1

1−𝐿2
𝑑′(𝐽′(𝑔), 𝑔) ≤

1

2(1−𝐿2)
 . 

Hence (4) holds for all 𝛼 ∈ 𝛤.  Also we have  

lim
𝑗

2−𝑗𝜙2(2𝑗𝛼, 2𝑗𝛽)  =  0. 

Replacing 𝛼 by 2𝑛𝛼 and putting 𝛽 = 0 in (3), we have 𝑘(𝜇𝛼) = 𝜇𝑘(𝛼) for all 𝛼 ∈ 𝛤 and 

all 𝜇 ∈ 𝕋.  Now, by Lemma 1.2, k is ℂ-linear.  

It follows from (2) that 

∥ 𝐷(𝑎𝛼𝑎) − 𝐷(𝑎)𝛼𝑎∗ − 𝑎𝑘(𝛼)𝑎 − 𝑎𝛼𝐷(𝑎) ∥  

= lim
𝑛

‖
1

22𝑛
𝑓(2𝑛𝑎𝛼𝑎) −

1

2𝑛
𝑓(2𝑛𝑎)𝛼𝑎∗ −

1

2𝑛
𝑎𝑔(2𝑛𝛼)𝑎 −

1

2𝑛
𝑎𝛼𝑓(2𝑛𝑎)‖ 

= lim
𝑛

‖
1

22𝑛
𝑓(2𝑛𝑎𝛼2𝑛𝑎) −

1

22𝑛
𝑓(2𝑛𝑎)𝛼2𝑛𝑎∗ −

1

22𝑛
2𝑛𝑎𝑔(𝛼)2𝑛𝑎

−
1

22𝑛
2𝑛𝑎𝛼𝑓(2𝑛𝑎)‖ 

≤ lim
𝑛

1

22𝑛
𝜙1(0,0, 2𝑛𝑎) ≤ lim

𝑛

1

2𝑛
𝜙1(0,0, 2𝑛𝑎) = 0 
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for all 𝑥, 𝑎 ∈ 𝑉, 𝛼 ∈ 𝛤.  Thus 𝐷 is a Jordan k-∗-derivation on (𝛤∗, 𝑉).  

Corollary 2.2. Let 𝑉 be a 𝛤∗-Banach algebra over the complex field ℂ.  Suppose 𝑓 ∶  𝑉 →
𝑉 is a mapping satisfying 𝑓(0) = 0 and 𝑔: 𝛤 → 𝛤 is a mapping satisfying 𝑔(0) = 0 for 

which there exist real numbers 𝜃1, 𝜃2 ∈ [0, ∞) and 𝑝, 𝑡 ∈ (0,1) such that 

 

‖𝜇𝑓 (
𝑥 + 𝑦

2
) + 𝜇𝑓 (

𝑥 − 𝑦

2
) − 𝑓(𝜇𝑥) + 𝑓(𝑎𝛼𝑎) − 𝑓(𝑎)𝛼𝑎∗ − 𝑎𝑔(𝛼)𝑎 − 𝑎𝛼𝑓(𝑎)‖ 

≤ 𝜃1(∥ 𝑥 ∥𝑝+∥ 𝑦 ∥𝑝+∥ 𝑎 ∥𝑝),  

 

∥ 𝑔(𝜇𝛼 + 𝜇𝛽) − 𝜇𝑔(𝛼) − 𝜇𝑔(𝛽) ∥ ≤ 𝜃2(∥ 𝛼 ∥𝑡+ ∥ 𝛽 ∥𝑡)  

for all 𝜇 ∈ 𝕋 and all 𝑥, 𝑦, 𝑎 ∈ 𝑉, 𝛼, 𝛽 ∈ 𝛤.  Then there exists a unique linear mapping k 

from Γ to Γ satisfying 

∥ 𝑔(𝛼) − 𝑘(𝛼) ∥ ≤  
2𝜃2

2−2𝑡
‖𝛼‖𝑡, 

and there exists a unique Jordan k-∗-derivation 𝐷: 𝑉 → 𝑉 such that  

∥ 𝑓(𝑥) − 𝐷(𝑥) ∥ ≤  
2𝑝𝜃1

2 − 2𝑝
‖𝑥‖𝑝 

for all 𝑥 ∈ 𝑉 and 𝛼 ∈ 𝛤. 

 

Proof. In Theorem 2.1, if we take 𝜙1(𝑥, 𝑦, 𝑎) ∶= 𝜃1(∥ 𝑥 ∥𝑝+∥ 𝑦 ∥𝑝+∥ 𝑎 ∥𝑝) with 𝐿1 =
2𝑝−1, and 𝜙2(𝛼, 𝛽) ∶= 𝜃2(∥ 𝛼 ∥𝑡+∥ 𝛽 ∥𝑡) with 𝐿2 = 2𝑡−1 for all 𝑥, 𝑦, 𝑎 ∈ 𝑉, 𝛼, 𝛽 ∈ 𝛤, 

then we get the desired result. 

Now, we have the following superstability result of Jordan k-∗-derivations.  

Corollary 2.3. Let 𝑉 be a 𝛤∗-Banach algebra over the complex field ℂ.  Suppose that 

𝑝, 𝑞, 𝑟, 𝑡, 𝑙, 𝜃1, 𝜃2 are non-negative real numbers with 0 < 𝑝 + 𝑞 + 𝑟 ≠ 1, 0 < 𝑡 + 𝑙 ≠
1 and suppose that 𝑓 ∶ 𝑉 → 𝑉 and 𝑔: 𝛤 → 𝛤 are mappings such that  

‖𝜇𝑓 (
𝑥 + 𝑦

2
) + 𝜇𝑓 (

𝑥 − 𝑦

2
) − 𝑓(𝜇𝑥) + 𝑓(𝑎𝛼𝑎) − 𝑓(𝑎)𝛼𝑎∗ − 𝑎𝑔(𝛼)𝑎 − 𝑎𝛼𝑓(𝑎)‖ 

≤ 𝜃1(∥ 𝑥 ∥𝑝∥ 𝑦 ∥𝑞∥ 𝑎 ∥𝑟),  

 

∥ 𝑔(𝜇𝛼 + 𝜇𝛽) − 𝜇𝑔(𝛼) − 𝜇𝑔(𝛽) ∥ ≤ 𝜃2(∥ 𝛼 ∥𝑡∥ 𝛽 ∥𝑙)  

for all 𝜇 ∈ 𝕋 and all 𝑥, 𝑦, 𝑎 ∈ 𝑉, 𝛼, 𝛽 ∈ 𝛤.  Then 𝑓 is a Jordan k-∗-derivation on (𝛤∗, 𝑉), 

where 𝑘: 𝛤 → 𝛤 is a linear map. 

Proof. Putting 𝑥 = 𝑦 = 𝑎 = 0 and 𝜇 = 1 in (11), we have that 𝑓(0) = 0.  If we put 

𝛼 = 0 and 𝜇 = 1 in (12), then we have 𝑔(0) = 0.  Putting 𝑎 = 𝑦 = 0 and 𝜇 = 1 in (11), 

we conclude that 2𝑓 (
𝑥

2
) = 𝑓(𝑥) for all 𝑥 ∈ 𝑉, and by using induction we get 𝑓(𝑥) =
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𝑓(2𝑛𝑥)

2𝑛  for all 𝑥 ∈ 𝑉 and 𝑛 ∈ ℕ.  If we put 𝛼 = 𝛽 and 𝜇 = 1 in (12), we have that 𝑔(2𝛼) =

2𝑔(𝛼) for all 𝛼 ∈ 𝛤, and using induction again we get 𝑔(𝛼) =
𝑔(2𝑛𝛼)

2𝑛
 for all 𝛼 ∈ 𝛤 and 

𝑛 ∈ ℕ. By referring to Theorem 2.1 when changing 𝜙1(𝑥, 𝑦, 𝑎) ∶= 𝜃1(∥ 𝑥 ∥𝑝∥ 𝑦 ∥𝑞∥
𝑎 ∥𝑟) and 𝜙2(𝛼, 𝛽) ∶= 𝜃2(∥ 𝛼 ∥𝑡∥ 𝛽 ∥𝑙) for all 𝑥, 𝑦, 𝑎 ∈ 𝑉 and 𝛼, 𝛽 ∈ 𝛤, we can obtain 

the desired result. 

In 2009, A. Najati and C. Park [20] obtained the general solution of the following 

functional equation  

𝑓(2𝜇𝑥 + 𝜇𝑦) + 𝑓(𝜇𝑥 + 2𝜇𝑦) = 𝜇[𝑓(3𝑥) + 𝑓(3𝑦)]        (𝜇 ∈ 𝕋)                                  (13) 

and they investigated the stability of homomorphisms and generalized derivations for 

these functional equations on Banach algebras.  

Lemma 2.4. [13] Let X and Y be linear spaces.  A mapping 𝑓: 𝑋 → 𝑌 satisfies the 

functional equation (13) for all 𝑥, 𝑦 ∈ 𝑋 and all 𝜇 ∈ 𝕋, if and only if 𝑓 is ℂ-linear.  

Now we consider the Hyers-Ulam-Rassias stability of Jordan k-∗-derivations in 𝛤∗-

Banach algebras with the functional equation (13).  

Theorem 2.5. Let 𝑉 be a 𝛤∗-Banach algebra over the complex field ℂ.  Suppose 𝑓: 𝑉 →
 𝑉 is a mapping such that 𝑓(0) = 0 and 𝑔: 𝛤 → 𝛤 is a mapping such that 𝑔(0) = 0 for 

which there exist functions 𝜑1 ∶ 𝑉 × 𝑉 × 𝑉 → [0, ∞) and 𝜑2 ∶ 𝛤 × 𝛤 → [0, ∞) satisfying  

 

∥ 𝑓(2𝜇𝑥 + 𝜇𝑦) + 𝑓(𝜇𝑥 + 2𝜇𝑦) − 𝜇[𝑓(3𝑥) + 𝑓(3𝑦)] + 𝑓(𝑎𝛼𝑎) − 𝑓(𝑎)𝛼𝑎∗ −
𝑎𝑔(𝛼)𝑎 − 𝑎𝛼𝑓(𝑎) ∥ ≤ 𝜑1(𝑥, 𝑦, 𝑎),                                                                                                (14) 

 

∥ 𝑔(𝜇𝛼 + 𝜇𝛽) − 𝜇𝑔(𝛼) − 𝜇𝑔(𝛽) ∥ ≤ 𝜑2(𝛼, 𝛽)                                                                  (15) 

for all 𝜇 ∈ 𝕋 and 𝑥, 𝑦, 𝑎 ∈ 𝑉, 𝛼, 𝛽 ∈ 𝛤.  If there exist 𝐿1, 𝐿2  < 1 such that  

 4𝜑1(𝑥, 𝑦, 𝑎) ≤ 𝐿1𝜑1(2𝑥, 2𝑦, 2𝑎)                                                                                  (16) 

and 𝜑2(2𝛼, 2𝛽) ≤ 2𝐿2𝜑2(𝛼, 𝛽

 

) for all 𝑥, 𝑦, 𝑎 ∈ 𝑉, 𝛼, 𝛽 ∈ 𝛤, then there exists a unique 

linear map 𝑘 from Γ to Γ satisfying 

 ∥ 𝑔(𝛼) − 𝑘(𝛼) ∥ ≤
1

2−2𝐿2
𝜑2(𝛼, 𝛼),                                                                               (17) 

and there exists a unique Jordan k-∗-derivation 𝐷: 𝑉 → 𝑉 such that  

 

∥ 𝑓(𝑥) − 𝐷(𝑥) ∥≤
𝐿1

4−2𝐿1
𝜓(𝑥)                                                                                        (18) 

for all 𝑥 ∈ 𝑉 and 𝛼 ∈ 𝛤, where 

𝜓(𝑥) ∶= 𝜑1 (
𝑥

2
, 0,0) + 𝜑1 (−

𝑥

2
, 0,0) + 𝜑1 (

𝑥

2
, −

𝑥

2
, 0) + 𝜑1 (

2𝑥

3
, −

𝑥

3
, 0). 
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Proof. It follows from 4𝜑1(𝑥, 𝑦, 𝑎) ≤ 𝐿1𝜑1(2𝑥, 2𝑦, 2𝑎)  that  

lim
𝑗

22𝑗𝜑1(
𝑥

2𝑗 ,
𝑦

2𝑗 ,
𝑎

2𝑗) = 0                                                                                               (19) 

for all 𝑥, 𝑦, 𝑎 ∈ 𝑉.  Putting 𝜇 = 1, 𝑦 = 𝑎 = 0 in (14), we get  

∥ 𝑓(2𝑥) + 𝑓(𝑥) − 𝑓(3𝑥) ∥ ≤ 𝜑1(𝑥, 0,0)                                                                         (20) 

for all 𝑥 ∈ 𝑉.  Hence   

∥ (𝑓(𝑥) + 𝑓(−𝑥)) + (𝑓(2𝑥) + 𝑓(−2𝑥)) − (𝑓(3𝑥) + 𝑓(−3𝑥)) ∥  

≤ ∥ 𝑓(𝑥) + 𝑓(2𝑥) − 𝑓(3𝑥) ∥ + ∥ 𝑓(−𝑥) + 𝑓(−2𝑥) − 𝑓(−3𝑥) ∥  

 ≤ 𝜑1(𝑥, 0, 0) + 𝜑1(−𝑥, 0, 0)                                                                                         (21) 

for all 𝑥 ∈ 𝑉.  Letting 𝜇 = 1, 𝑦 = −𝑥 and 𝑎 = 0 in (14), we have  

∥ 𝑓(𝑥) + 𝑓(−𝑥) − 𝑓(3𝑥) − 𝑓(−3𝑥) ∥ ≤ 𝜑1(𝑥, −𝑥, 0) 

for all 𝑥 ∈ 𝑉.  Therefore by (21) we have 

‖𝑓 (
𝑥

2
) + 𝑓 (−

𝑥

2
)‖ ≤ 𝜑1 (

𝑥

4
, 0,0) + 𝜑1 (−

𝑥

4
, 0,0) + 𝜑1 (

𝑥

4
, −

𝑥

4
, 0)                    (22) 

 

for all 𝑥 ∈ 𝑉.  Letting 𝜇 = 1, 𝑦 = −
𝑥

2
 and 𝑎 = 0 in (14), we get 

‖𝑓 (
𝑥

2
) − 𝑓 (−

𝑥

2
) − 𝑓(𝑥)‖ ≤ 𝜑1 (

𝑥

3
, −

𝑥

6
, 0)                                                                 (23) 

 

for all 𝑥 ∈ 𝑉.  Hence, it follows from (22) and (23) that 

 

‖2𝑓 (
𝑥

2
) − 𝑓(𝑥)‖ ≤ 𝜑1 (

𝑥

4
, 0,0) + 𝜑1 (−

𝑥

4
, 0,0) + 𝜑1 (

𝑥

4
, −

𝑥

4
, 0) + 𝜑1 (

𝑥

3
, −

𝑥

6
, 0)  (24)    

for all 𝑥 ∈ 𝑉, and so 

‖2𝑓 (
𝑥

2
) − 𝑓(𝑥)‖ ≤ 𝜓 (

𝑥

2
) ≤

𝐿1

4
𝜓(𝑥) 

for all 𝑥 ∈ 𝑉.  Using a similar argument as the one used in the proof of Theorem 2.1, there 

is a unique ℂ-linear mapping 𝐷: 𝑉 → 𝑉 satisfying (18), and 

𝐷(𝑥) ∶= lim
𝑛→∞

2𝑛𝑓 (
𝑥

2𝑛)                                                                                                     (25) 

for all 𝑥 ∈ 𝑉.  One can use the inequality (15) to show that there exist a unique linear 

mapping 𝑘: 𝛤 → 𝛤 defined by 𝑘(𝛼) ∶= lim
𝑛→∞

2−𝑛𝑔(2𝑛𝛼).  
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It follows from (14) that 

∥ 𝐷(𝑎𝛼𝑎) − 𝐷(𝑎)𝛼𝑎∗ − 𝑎𝑘(𝛼)𝑎 − 𝑎𝛼𝐷(𝑎) ∥  

= lim
𝑛

∥ 22𝑛𝑓(2−2𝑛𝑎𝛼𝑎) − 2𝑛𝑓(2−𝑛𝑎)𝛼𝑎∗ − 𝑎2−𝑛𝑔(2𝑛𝛼)𝑎 − 𝑎𝛼2𝑛𝑓(2−𝑛𝑎) ∥  

= lim
𝑛

∥ 22𝑛𝑓(2−𝑛𝑎𝛼2−𝑛𝑎) − 22𝑛𝑓(2−𝑛𝑎)𝛼2−𝑛𝑎∗ − 22𝑛(2−𝑛𝑎)𝑔(𝛼)(2−𝑛𝑎)

− 22𝑛2−𝑛𝑎𝛼𝑓(2−𝑛𝑎) ∥  

≤ lim
𝑛

4𝑛𝜑1(0, 0, 2−𝑛𝑎) = 0  

for all 𝑥, 𝑎 ∈ 𝑉, 𝛼 ∈ 𝛤.  Thus 𝐷 is a Jordan k-∗-derivation on (𝛤∗, 𝑉).  

Corollary 2.6. Let 𝑉 be a Γ∗-Banach algebra over the complex field ℂ.  Suppose 𝑓: 𝑉 →
𝑉 is a mapping such that 𝑓(0) = 0 and 𝑔: 𝛤 → 𝛤 is a mapping such that 𝑔(0) = 0 for 

which there exist 𝜃1, 𝜃2 ∈ [0, ∞) and 𝑝 ∈ (0,2), 𝑡 ∈ (0,1) satisfying 

 

∥ 𝑓(2𝜇𝑥 + 𝜇𝑦) + 𝑓(𝜇𝑥 + 2𝜇𝑦) − 𝜇𝑓(3𝑥) − 𝜇𝑓(3𝑦) + 𝑓(𝑎𝛼𝑎) − 𝑓(𝑎)𝛼𝑎∗ −
𝑎𝑔(𝛼)𝑎 − 𝑎𝛼𝑓(𝑎) ∥ ≤ θ1(‖𝑥‖𝑝 + ‖𝑦‖𝑝 + ‖𝑎‖𝑝),    

∥ 𝑔(𝜇𝛼 + 𝜇𝛽) − 𝜇𝑔(𝛼) − 𝜇𝑔(𝛽) ∥ ≤  𝜃2(‖𝛼‖𝑡 + ‖𝛽‖𝑡)   

for all 𝜇 ∈ 𝕋 and all 𝑥, 𝑦, 𝑎 ∈ 𝑉, 𝛼, 𝛽 ∈ 𝛤.  Then there exists a unique linear mapping 

from Γ to Γ satisfying 

‖𝑔(𝛼) − 𝑘(𝛼)‖ ≤
2𝜃2

2 − 2𝑡
‖𝛼‖𝑡 

and there exists a unique Jordan k-∗-derivation 𝐷: 𝑉 → 𝑉 such that  

‖𝑓(𝑥) − 𝐷(𝑥)‖ ≤
2𝑝 + 4 × 3𝑝 + 4𝑝

3𝑝(8 − 2𝑝+1)
𝜃1‖𝑥‖𝑝 

for all 𝑥 ∈ 𝑉 and 𝛼 ∈ 𝛤.  

Proof. Put 𝜑1(𝑥, 𝑦, 𝑎) ∶= θ1(‖𝑥‖𝑝 + ‖𝑦‖𝑝 + ‖𝑎‖𝑝) and 𝐿1 = 2𝑝−1, and put 𝜑2(𝛼, 𝛽)
∶= 𝜃2(‖𝛼‖𝑡 + ‖𝛽‖𝑡) and 𝐿2 = 2𝑡−1 for all 𝑥, 𝑦, 𝑎 ∈ 𝑉 and 𝛼, 𝛽 ∈ 𝛤 in Theorem 2.5.  

Now we consider the superstability of Jordan k-∗-derivations with the functional equation 

(13).  

Corollary 2.7. Let V be a Γ∗-Banach algebra over the complex field ℂ.  Suppose that 

𝑝, 𝑞, 𝑟, 𝑡, 𝑙, 𝜃1, 𝜃2 are non-negative real numbers with 0 < 𝑝 + 𝑞 + 𝑟 ≠ 2, 0 < 𝑡 + 𝑙 ≠ 1 

and suppose that 𝑓: 𝑉 → 𝑉 and 𝑔: 𝛤 → 𝛤 are mappings such that  

∥ 𝑓(2𝜇𝑥 + 𝜇𝑦) + 𝑓(𝜇𝑥 + 2𝜇𝑦) − 𝜇𝑓(3𝑥) − 𝜇𝑓(3𝑦) + 𝑓(𝑎𝛼𝑎) − 𝑓(𝑎)𝛼𝑎∗ −
𝑎𝑔(𝛼)𝑎 − 𝑎𝛼𝑓(𝑎) ∥ ≤ θ1(‖𝑥‖𝑝‖𝑦‖𝑞‖𝑎‖𝑟),                                                                  (26) 
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∥ 𝑔(𝜇𝛼 + 𝜇𝛽) − 𝜇𝑔(𝛼) − 𝜇𝑔(𝛽) ∥ ≤  𝜃2(‖𝛼‖𝑡‖𝛽‖𝑙)                                                   (27) 

for all 𝜇 ∈ 𝕋 and all 𝑥, 𝑦, 𝑎 ∈ 𝑉, 𝛼, 𝛽 ∈ 𝛤.  Then f is a Jordan k-∗-derivation on (Γ∗,V), 

where 𝑘: 𝛤 → 𝛤 is a linear map.  

Proof.  Putting 𝑥 = 𝑦 = 𝑎 = 0 and 𝜇 = 1 in (26), we have 𝑓(0) = 0.  Putting 𝛼 = 0 and 

𝜇 = 1 in (27), we get 𝑔(0) = 0.  By putting 𝑎 = 𝑦 = 0 and 𝜇 = 1 in (26), we have that 

𝑓(2𝑥) + 𝑓(𝑥) − 𝑓(3𝑥) = 0 for all 𝑥 ∈ 𝑉.  By putting 𝜇 = 1, 𝑦 = −𝑥 and 𝑎 = 0 in (26), 

we get 𝑓(𝑥) + 𝑓(−𝑥) − 𝑓(3𝑥) − 𝑓(−3𝑥) = 0 for all 𝑥 ∈ 𝑉.  Hence, by using the last 

two equations, we obtain that  

−𝑓(2𝑥) − 𝑓(𝑥) + 𝑓(3𝑥) − 𝑓(−2𝑥) − 𝑓(−𝑥) + 𝑓(−3𝑥) + 𝑓(𝑥) + 𝑓(−𝑥) − 𝑓(3𝑥) −
𝑓(−3𝑥) = 0;  

 

that is, 𝑓(2𝑥) + 𝑓(−2𝑥) = 0 for all 𝑥 ∈ 𝑉.  If we replace 𝑥 by 
𝑥

4
 , then we get  

 

 𝑓 (
𝑥

2
) + 𝑓 (−

𝑥

2
) = 0                                                                                                      (28) 

      

for all 𝑥 ∈ 𝑉.  Putting 𝜇 = 1, 𝑦 = −
𝑥

2
 and 𝑎 = 0 in (26), we have that 

 

𝑓 (
𝑥

2
) − 𝑓 (−

𝑥

2
) − 𝑓(𝑥) = 0  

 

for all 𝑥 ∈ 𝑉.  From (28), we conclude that 2𝑓 (
𝑥

2
) = 𝑓(𝑥) for all 𝑥 ∈ 𝑉, and by induction 

we get  

 

𝑓(𝑥) =
𝑓(2𝑛𝑥)

2𝑛
 

 
for all 𝑥 ∈ 𝑉 and 𝑛 ∈ ℕ.  If we put 𝛼 = 𝛽 and 𝜇 = 1 in (27), we have that 𝑔(2𝛼) =

2𝑔(𝛼) for all 𝛼 ∈ 𝛤, and using induction again we get 𝑔(𝛼) =
𝑔(2𝑛𝛼)

2𝑛
 for all 𝛼 ∈ 𝛤 and 

𝑛 ∈ ℕ.  Then, putting 𝜑1(𝑥, 𝑦, 𝑎) ∶= 𝜃1(‖𝑥‖𝑝‖𝑦‖𝑞‖𝑎‖𝑟) and 𝜑2(𝛼, 𝛽) ∶= 𝜃2(‖𝛼‖𝑡‖𝛽‖𝑙) 

for all 𝑥, 𝑦, 𝑎 ∈ 𝑉 and all 𝛼, 𝛽 ∈ 𝛤, we reach the desired result by Theorem 2.5. 

 

 

3.  Conclusion  

As we pointed out in the introduction, in this paper we have studied the stability of 

functional equations on Γ∗-Banach algebras which are more general than Banach ∗-

algebras.  Some stability and superstability results of this new concept have been obtained 

and the author thinks that by using various methods the results could be extended in the 

future over other fields in which Γ-algebras could be defined.  
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