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Abstract 

In this paper, we established some new integral inequalities 

for different kinds of convex functions by using some 

classical inequalities. 
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1. Introduction 

We recall following definitions. 

The functions #: [$, %] & ', is said to be convex, if we have  

#(*+ - (1 ! *).) / *#(+) - (1 ! *)#(.)!
for all +, . 0 [$, %] and * 0 2 [3,1]4 We can define starshaped 

functions on [3, %] which satisfy the condition 

#(*+) / *#(+)!
for * 0 2 [3,1]. TOADER (1984) defined the concept of 5 !convexity as the following: 

Definition 1. The function #: [$, %] & ' is said to be 5 !convex, where 5 0 2 [3,1], if for every +, . 0 [$, %] and * 0 2 [3,1], we have: 

#(*+ -5(1 ! *).) / *#(+) - 5(1 ! *)#(.)4 
Denote by 67(%) the set of the 5 !convex functions on [3, %] for which #(3) / 34 
       Some interesting and important inequalities for 5 !convex functions can be found in our references. 
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HUDZIK and MALIGRANDA (1994) considered among 

others the class of functions which are 8 !convex in the 

second sense. 

Definition 2. A function #:'9 & ' where '9 = [3,;), is 

said to be 8 !convex in the second sense if 

#(<+ - >.) / <?#(+) -2>?#(.)2!
for all +, . 0 [3,;),  <, > @ 32with < - > = 1 and for some 

fixed 8 0 (3,1]. This class of 8 !convex functions in the 

second sense is usually denoted by 6?A. 

8 !convexity introduced by BRECKNER (1978) as a 

generalization of convex functions. Also, BRECKNER 

(1993) proved the fact that the set valued map is 8 !convex 

only if the associated support function is 8 !convex 

function.  

DRAGOMIR and FITZPATRICK (1999) proved the 

following Hadamard type integral inequality: 

Theorem 1. Suppose that #: [3,;) & [3,;) is an 8 !convex function in the second sense, where 8 0 (3,1] 
and let $, % 0 [3,;), $ B %. If  # 0 CD[3,1], then the 

following inequalities hold: 

(1.1) 

E?FD# G$ - %E H / 1% ! $I #(+) J+ / 2#($) - #(%)8 - 1 2K
L  

The constant M = D?9D is the best possible in the second 

inequality in (1.1). The above inequalities are sharp. 

Several properties of 8 !convexity in the first sense 

are discussed in the paper that is written by HUDZIK and 

MALIGRANDA (1994). Obviously, 8 !convexity means 

just convexity when 8 = 1. Some new Hermite Hadamard 

type inequalities based on concavity and 8 !convexity 

established by KIRMACI et al. (2007). For related results 

see the papers DRAGOMIR and FITZPATRICK (1999) 

and KIRMACI et al (2007). 

DRAGOMIR (2002) proved the following theorem. 
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Theorem 2. Let #: [3,;) & ' be an 5 !convex function 

with 5 0 (3,1] and 3 / $ / %. If # 0 CD[3,1], then one has 

the inequalities  

(1.2) 

# G$ - %E H / 1% ! $I 2#(+) - 5# N+5OE J+2K
L  

222222222222222/ 5 - 1P Q2#($) - #(%)E - 52 # N$5O - # N%5OE R 
MIHEŞAN (1993) gave definition of (",m) !convexity as 

following; 

Definition 3. The function #: [3, %) & ', % S 32is said to be (<,5) !convex, where (<,5) 0 [3,1]A, if we have  

#(*+ - 5(1 ! *).) / *L#(+) - 5(1 ! *L)#(.) 
for all +, . 0 [3, %] and * 0 [3,1]. 
Denote by 67L (%) the class of all (<,5) !convex functions 

on [3, %] for which #(3) / 3. If we choose (<,5) =(1,5), it can be easily seen that (<,5) !convexity reduces 

to 5!convexity and for (<,5) = (1,1). We have ordinary 

convex functions on [3, %]. For the recent results based on 

the above definition see the papers BAKULA et al. (2006), 

BAKULA et al. (2008), ÖZDEMİR et al. (2010), 

SARIKAYA et al. (2011), SET et al. (2009), ÖZDEMİR et 

al. (2011). 

Definition 4. (See PECARIC et al. (1992)) A function  #: T & [3,;) is said to be UVW !convex or multiplicatively 

convex if UVW# is convex or equivalently if for all +, . 0 T 
and * 0 [3,1] one has the inequality: 

(1.3) 

#(*+ - (1 ! *).) / [#(+)]X[2#(.)]DFX!
We note that a UVW !convex function is convex, but the 

converse may not necessarily be true. 

Theorem 3. (ÖZDEMİR et al. (2010)) Let #, W: [$, %] & ' 

be real valued non-negative convex functions and Y(+, .)(*), Z(+, .)(*):2[3,1] 2& '9 are defined as the 

following; 

Y(+, .)(*) = 2 DA \#(*+2 - 2(1 ! *).) - #^(1 ! *)+ - *._`  
Z(+, .)(*) = DA [W(2*+ - (1 ! *).) - 2W((1 ! *)+ - *.)]  
for all * 0 [3,1], we have  

(1.4) 

1% ! $I Y G+, $ - %E HK
L (*)Z G+, $ - %E H (*) J+ 

/ 1P(% ! $)I #(+)W(+)K
L J+ - a1b [c($, %) - d($, %)] 

 

And 

(1.5) E(% ! $)AI I Y(+, .)(*)Z(+, .)(*) J+ J.K
L

K
L  

/ 1% ! $I #(+)W(+)K
L J+ - 1P [c($, %) - d($, %)] 

where 

c($, %) = #($)W($) - #(%)W(%) 
d($, %) 2= #($)W(%) - 2#(%)W($). 

The main purpose of this paper is to prove some new 

inequalities as above, but now for 5!convex and 8 !convex functions by modified the mappings Y(+, .)(*) 
and Z(+, .)(*)4 

2. Main Results 

Theorem 4. Let #, W: [3,;) & '9 be 5!convex functions 

with 5 0 (3,1]  , 3 / $ B % and  #, W, #W 0 CD[$, %]  Y(+, .)(*), Z(+, .)(*):2[3,1] 2& '9 are defined as the 

followings: 

Y(+, .)(*) = DA \#(*+ - 5(1 ! *).) - #^(1 ! *)+ - 5*._`  
Z(+, .)(*) = DA \W(*+ - 5(1 ! *).) - W^(1 ! *)+ -5*._`  
for all * 0 2 [3,1], we have  

(2.1)    

 

I Y G+, $ - %E HK
L (*)Z G+, $ - %E H (*)J+ / 1PI #(+)W(+) J+K

L  

        

-5AP (% ! $)eDeA -5P feDI #(+) J+ -2eAI W(+) J+K
L

K
L h 

where 

eD = 5 - 1P iW($) - W(%)E - 5W N$5O - W N%5OE j 
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eA =25 - 1P i#($) - #(%)E - 5# N$5O - # N%5OE j 

and 

(2.2)          

        E(% ! $)AI I Y(+, .)(*)Z(+, .)(*) J+ J.K
L

K
L  

/ 5A - 1E I #(+)W(+) J+ -K
L

5% ! $I #(+) J+ I W(.) J.4K
L

K
L  

Proof. Since # and W are 5!convex functions, we can 

write 

Y(+, .)(*) 
/ 1E [2*#(+) - 5(1 ! *)#(.) - (1 ! *)#(+) - 5*#(.)] 
= DA [2#(+) - 5#(.)],!
(2.3)    

Y G2+2, $ - %E H (*) / 1E k#(+) - 5# G$ - %E Hn 
and analogously, if we set + = + and . = L9KA , we can write  

Z(+, .)(*) 
/ 1E [*W(+) - 5(1 ! *)W(.) - (1 ! *)W(+) - 5*W(.)] 
= DA [2W(+) - 5W(.)], 
(2.4)      

Z G+2, $ - %E H (*) / 1E kW(+) - 5W G$ - %E Hn 
By multiplying the inequalities (2.3) and (2.4), we get  

(2.5)      

Y G+2, $ - %E H (*)2Z G+2, $ - %E H (*) 
/ 1P k#(+) - 5# G$ - %E Hn kW(+) - 5W G$ - %E Hn 
            

= f2p(q)r(q)97pNtuvw Or(q)927rNtuvw Op(q)97wpNtuvw OrNtuvw Ox h. 
Integrating the above inequality with respect to + on [$, %], 
we obtain the following inequality: 

(2.6) 

I Y G+2, $ - %E H (*)K
L yG+2, $ - %E H (*) J+ 

/ 1P zI #(+)W(+) J+ -2K
L I 5# G$ - %E HW(+) J+K

L  

                  -{ 5W NL9KA O #(+) J+KL -5A { # NL9KA OW NL9KA OKL J+| 
Using the inequalities in (1.2) and by rewriting the (2.6), the 

proof is completed. 

Remark 1. If we choose 5 = 1, inequalities (2.1) and (2.2) 

reduces to (1.4) and (1.5) respectively. 

Theorem 5. Let  #, W: [3,;) & ' be 8 !convex functions 

in the second sense and Y(+, .)(*), Z(+, .)(*):2[3,1] 2& '9 

are defined as the following: 

Y(+, .)(*) = DA [#(*?+ - (1 ! *)?.) - #((1 ! *)?+ - *?.)]  
Z(+, .)(*) = DA [W(*?+ - (1 ! *)?.) - #((1 ! *)?+ - *?.)]  
If  #, W, #W 0 CD[$, %],2 for all * 0 [3,1], we have  

             

I [Y($, %)(*) - 2Z($, %)(*)]J*D
} / 2#($) - #(%) - W($) - W(%)8 - 1 2 

and  

              

I Y($, %)(*)2Z($, %)(*)D
} J* 
/2 [c($, %) - d($, %)] k 1E(E8 - 1) -21E>(8 - 12, 8 - 1)n 

where                          !c($, %) = #($)W($) - #(%)W(%) 
d($, %) 2= #($)W(%) - 2#(%)W($)!

and the Euler Beta function is defined by  

>(+, .) = 2{ *qFD2(1 ! *)~FDD} 2J*,2           +, .2 S 3. 

Proof. Since # and W are 8 !convex functions in the second 

sense, we can write  

(2.7)     

  Y(+, .)(*) / 2 X�p(q)9(DFX)�p(~)9(DFX)�p(q)9X�p(~)A  
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(2.8)     

    Z(+, .)(*) / 2 X�r(q)9(DFX)�r(~)9(DFX)�r(q)9X�r(~)A  

If we set + = $, . = % in the above inequalities and by 

addition, then by integrating with respect to * over [3,1], we 

get:        

I [Y($, %)(*)Z($, %)(*)]J*D
}  

/ �2p(L)92p(K)9r(L)9r(K)A � �{ *?J*2D} -2{ (1 ! *)?J*D} �  
= #($) - 2#(%) - W($) - W(%)8 - 1  

This completes the proof of the first inequality. 

For the proof of the second inequality, if we multiply the 

inequalities (2.7) and (2.8) for + = $, . = % and by 

integrating with respect to * over [3,1], we have  

                  

I [Y($, %)(*)Z($, %)(*)]J*D
}  

= [c($, %) - d($, %)] k 1E(E8 - 1) -21E>(8 - 12, 8 - 1)n 
The proof is completed. 

Theorem 6. Let #, W: [3,;) & '9 be (<,5) !convex 

fonctions with (<,5) 0 (3,1]A , 3 / $ B % and #, W, #W 0CD[$, %]4 Y(+, .)(*), Z(+, .)(*):2[3,1] 2& '9 are defined as 

the followings: 

Y(+, .)(*) = 21E [#(2*+2 - 52(1 ! *).2) - #(5(1 ! *)+ - 2*.)] 
Z(+, .)(*) = 21E [W(2*+2 - 52(1 ! *).2) - W(5(1 ! *)+2 - *.)] 

for all * 0 [3,1], we have 

(2.9)   

2I [Y($, %)(*) - Z($, %)(*)]J*D
}  

  

/ 1E k1 -5$1 - $ n [#($) - 2#(%) - W($) - W(%)] 
and  

(2.10)                                                  

I [Y($, %)(*)Z($, %)(*)]J*D
}  

/ 1P [c($, %) - 2d($, %)]($(E5 -5A$ - 1 2-25A - 1E$ - 1) 

where  c($, %) and d($, %) as in Theorem 5. 

Proof. Since #2and W are (<,5) !convex functions, we can 

write 

Y(+, .)(*) / Xtp(q)97(DFXt)p(~)9Xtp(~)97(DFXt)p(q)A   

If we set  + = $2 and . = %, we get 

(2.11)  

Y($, %)(*) / 1E [^#($) - 2#(%)_(*L 2- 25(1 ! *L))] 
and analogously, we have  

(2.12)  

Z($, %)(*) / 1E [^W($) - 2W(%)_(*L 2- 25(1 ! *L))]!
By adding the inequalities (2.11) and (2.12), we get  

(2.13)  

   Y($, %)(*) - Z($, %)(*) 
  / DA [(2#($) - 2#(%) - W($) - W(%)2)(*L 2- 25(1 ! *L))] 
Integrating the above inequality with respect to t on [0,1], 

we obtain the inequality (2.9). For the proof of the 

inequality (2.10), by multiplying the inequalities (2.11) and 

(2.12), we have  

  Y($, %)(*)Z($, %)(*) 
/ Dx [c($, %) - 2d($, %)][*AL - E52*L(1 ! *L) -25A(1 ! *L)A]  
By integrating the above inequality with respect to * over [3,1], we get the inequality (2.10). 

Theorem 7. Let #, W: [3,;) & '9 be logarithmically 

convex functions on [3,;) and #, W, #W 0 CD[$, %].  Y(+, .)(*), Z(+, .)(*):2[3,1] & '9 are defined as in 

Theorem 3, then the following inequalities hold; 

(2.14) 

I Y($, %)(*)Z($, %)(*)J*D
}  

 /2 DA 2 \2C^#($)W($), #(%)W(%)_ - C^#($)W(%), #(%)W($)_` 
for all * 0 [3,1],  where  

C^#($)W($), #(%)W(%)_ = #($)W($) ! #(%)W(%)U�#($)W($) ! U�2#(%)W(%) 
and 
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C^#($)W(%), #(%)W($)_ = #($)W(%) ! #(%)W($)U�#($)W(%) ! U�2#(%)W($)4 
Proof. Since #, W are UVW !convex functions on [$, %] �[3,;) , we can write  

Y(+, .)(*) / 1E [#X(+) - #(DFX)(.) - #(DFX)(+) - #X(.)] 
and 

Z(+, .)(*) 2/ 1E [WX(+) - W(DFX)(.) - W(DFX)(+) - WX(.)]4 
If we set + = $ and . = %, we have  

(2.15) 

Y(+, .)(*) / 1E [#X($) - #(DFX)(%) - #(DFX)($) - #X(%)] 
and  

(2.16)   

Z($, %)(*) 2/ 1E [WX($) - W(DFX)(%) - W(DFX)($) - WX(%)]!
By multiplying the inequalities (2.15) and (2.16), we get 

Y($, %)(*)Z($, %)(*) 
/ 1P [#X($) - #(DFX)(%) - #(DFX)($) - #X(%)] × [WX($) - W(DFX)(%) - W(DFX)($) - WX(%)] 

 

By integrating the above inequality with respect to * on [3,1], we obtain the inequality (2.14). 
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