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Abstract

In this paper, we give some congruences related to g—generalized Catalan numbers,
q—harmonic numbers and alternating g—harmonic numbers, using combinatorial identities
and some known congruences.
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1. Introduction

The Catalan numbers play an important role in combinatorics, number theory and
linear algebra in [7-9,12,14]. In [18], Shapiro gave the generalized Catalan numbers B,,

as follows:
k({ 2n 2n —1 2n—1
. _k _ _ <k<n.
nk n(n—k) <n—k> <n—k—1>’0_k_n

These numbers B, j, are the entries of the Catalan triangles and satisfy the recurrence
relation

Bn,k = Bn—Lk—l + QBn—l,k’ + Bn—l,k—f—l, k> 27
with the initial conditions B, o = 0 = By, y4m, m > 1. They have several applications by
authors [4,12,18]. Note that for k = 1, B, 1 are the well known Catalan numbers

1 2n
C p— 21-
" n—i—l(n)’ "

The harmonic numbers are given by

"1
Hyp =0 and H, :kz::l%, n €N =N-{0}.

In [21], Wolstenholme discovered that for any prime number p > 5,
H, 1=0 (mod p?).
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Congruences with q—generalized Catalan numbers and g—harmonic numbers

The g—harmonic numbers and g—alternating harmonic numbers are given by

n _ n k n  1\k
) =3 g Bl =Y. i and 1) = 32

k=1 k=1 k=1 q

where [O]q =1 and [k]q =(1 —qk)/(l —q) = l4+qg+¢+...+¢ 1L
It is seen that for 0 < k < p,

1 q*
L= (mod [pl,).
b=k, [k, !
The g—Pochhammer symbol is given by
n—1
(x;9)g =1 and (x;q),, = H (1 — qu) )
k=0

For any m,n € N, the g—binomial coefficients are defined by

[n] _ (@9
m|. (G Dm(GDn-m’

if n > m, and if n < m, then [mq = 0. It is clear that

. n n
lim = ,
qg—1 [m] q (m)

713

(1.1)

where (;‘1) is the usual binomial coefficient. The g—binomial coefficients satisfy the recur-

rence relation
n+1

m

_l’_

n
m—1|"
q q

In [17], Pan and Cao defined the ¢g—Fermat quotient by

m; m 3 : 3 -1
Q, (m, q) = (@™;q™), 1[;]@ 9p1

m
q

b

where m is nonnegative integer such that p t m. There are many generalizations of the
Catalan number [2,7], one of which is g—analogue of the Catalan number. In [6], Firlinger

and Hofbauer defined this number by

1

Cn(Q):m

Qn]

n )
q
and Guo and Zeng [8] defined g—generalized Catalan numbers as follows:

2
Bnk(q):@ " , 1<k<n.
’ [nlg |n—k q
In [3,19], the authors showed that for an odd prime p,
p*—1
24

Hy (@) =" (- q)+

and for any prime p > 5

(1—¢)* [pl, (mod [pl2),

~ _ 2 _
Bya@=" 1) + 552 0-? ], (mod (o).

In [20], Tauraso gave that for positive integer o and k =0,1,2,...,p — 1,

k+1

lapk_ 1] _ (—1)F () (1o, Hi(a)  (mod [p2).
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It is clearly seen that

o

In [16], Pan established that for any odd prime p,

(p—1)/2

>

k=1

z<%@@u—@+p

k+1

(~1)* =2 ) (1 alpl, Hilg))  (mod [pf2). (1.4)

[Qk‘]q + 2Qp(27 Q) - Q?)(Qa Q) [p]q

2

(1- Q)2> [p), (mod [p]7)

and for any prime p,

¢ =1-k(1-q[pl,+ (g) (1= [pl7  (mod [pl}). (1.5)

In [10], He obtained that for any prime p > 5,

(p—1)(1—q)

Ip-1(q) = —2Qp(2,q) - 5

(1.6)

i, (@320 + otz -+ V002 od )

In [9], Gutiérrez et al. gave some identities involving well-known Catalan numbers. For
example, for n > 1,

n 1
S kB2, = "(”;)Oncnl.
k=1

In [14], Miana and Romero showed the following identity that for 1 < m < n,

U 2 2(n—1
Z By i Brontk—m (1 + 2k — m)3 = ( n) < (n )> (n2 + 4n — 2nm + mQ) .
P n m—1

In [11], He and Wang established several g—congruences involving Catalan numbers. Some
of these extend the results of Z.-W. Sun. For example, for an odd prime p,

p=1 2 2
Ci(@) 4k 3(1+9)
> Nt =2 = (mod [ply).
im0 (6 Q)
In [15], Omiir and Koparal gave some congruences involving the numbers By ;_4. For
example, for 1 <d <p-—1,

p—1
S () BBy a = 4" (14 (14 (-0 2~ 2pmy) - (mod 57),

and in [13], they proved some congruences involving the generalized Catalan numbers and
harmonic numbers modulo p?. For example, for a prime p >3 and 2 <d <p—1,

2 ByiBpk-d d 2 2 2
ZT = 4(-1) {Hd+Hd1 +];+P(4Hd +4HG
k=1

—2Hg2 —2Hg-12 — H;%er - H§+d—1)} (mod P2),

where H,, ,, is harmonic number of order m.
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In [5], Elkhiri et al. gave some congruences with the generalized Catalan numbers and
harmonic numbers modulo p?. For example, for 1 < d < p — 1 and prime number p > 3,
1+2d 3p 4p—2

Tt T

> ByiBpi-aHp = 4 (=1)? (d +7p+8dp —3+
k=d+1

7 %
<6d+ )Hd+<3d—10p 8dp—|—1—d>Hd

3
—p(2d + 1) p+d 1— <2d + 2> Hd1,2) (mod p2>.

In [1], Abel’s partial summation formula asserts that for every pair of families (ax);_, and
(bg)g_; of complex numbers, there is the relation

g:lakbkznz:l [ak_ak—l-l (Zb)

k=1

+an (En: bj) . (1.7)
j=1

2. Some congruences

In this section, we will start with some lemmas and then derive our results about
congruences.

Lemma 2.1. For any prime p, let n and d be integer numbers such that 0 < d <n < p.

We have
[n], [n —dJ,
[p=nl,[p—n+d,
= ¢ (14 p qn+ ¢ +2(1— d [p]?
= q pl, W, mod, (I—q) (mod [p]y).
Proof. By using [p+nl, = [p|, + ¢” [n], and [p —n], = [p], — ¢"" [n], for 0 <n < p, we
have
L e, P, + 7],
p=nly  onlletnl, (), + e nl,) (2], - " [,
_ [p], + ¢” [n],
w12 — (0], (Ip], (@ — @) + 2= [n],)
- Pl + 4" ol (mod [p]2), (2.1)

in], (], (2 — av=) — 2= ],
and for 0 < n —d < p, we replace in (2.1) n by n — d to obtain,
1 _ [p], +¢"[n—d],
[p —n+ d]q [n - d]q ([p]q (qp - qp7n+d) - q2p7n+d [n - d]q)

(mod [p]g) (2.2)

Thus, combining (2.1) and (2.2), we write
[n]y [n—dl,
[p—nl,[p—n+d,
(tel, + ¢ [nl,) (Ipl, + ¢ In — d,)
¢ (Ip), (1= ) = ¢ [n], ) ([p, (1 = g7+) = gt [ — d], )

1 ¢+ [n—d),+ (¢ — ¢ "+ ¢*") [n]
2p—2n+d +[pl, =342 ] Tn — d]

* (mod [p]7).
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By (1.5), we complete the proof of lemma. O

Lemma 2.2. For n € N*, we have

q ~
> oo Hn(q) —q(1—q)[n],, (2.3)
k=1 q
S g+ (1 (21 q“*qn)”) (2.4)
S atHe) = 5 (Hal@) —q "V HA). (2:5)
k=1 a-
~ ok ¢ 2n—2 77
o) = i (T R 2y ) = =) (26)
Proof. By exchanging the sums and some elementary operations, the proof is clearly
obtained. (]
Lemma 2.3. For n € N*, we have
(=) (D" +1
> =I(g)+(1—-q)——F—— (2.7)
= K 2
and i
n(—1 —1)" —
> U —nw-a-o (S ). (2.)
k=1 q
Proof. From (1.7), we have
En: (=DF o
M,
k=1 q
= 2%k _  2k42 - (=1)" 2n
k=1 i=1 Ulq
2 = 2k b (_1)z 2n
= 1= ")~ +¢"(qg)
k=1 =1 Mq
n—1 i n—1
1)t
= - E S e )
i=1 Mq k=i
n—1
= (1=¢") In-a(@) = (1= @) Y (=DF (14 ¢*) + ¢ L(0)
k=1
)" -1 1 ()"
— 1— 2n I — (1= ( -1 QnI
(1-¢"") In-1(e) - (1 - @) 5 T + 4" ()
— n n (71)n+1 —1 1- (7q)n
= In(q) - (1 Q)<( D"+ (=¢)" + 5 e !
_ (1" =3 1+ (=1)"¢" "
= In(g)-(1 Q)< 5 T T r ,
as claimed. Similarly, the other equality is obtained. O

Corollary 2.4. Let p be an odd prime. For 0 < d <p— 2,

Ip—q-1(q) = —2Qp(2,q) — La(q) — (1 — ¢ (mod [plq), (2.9)
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p—1 R
> (1) = =2Q(2,4) — Lulg)
R L
1\ a1
~(-0 (p s ) (mod [pl).
and
p—d-1 N 2k
&,
_ _\—d
= 20,(2.0) - i)~ (1— g <p2 b e ) (mod [rl,).
Proof. By (1.1), we have
. Y )
Ip*d*1<q) - Ip—l(q) + kgl [p_ k]q = p—l(Q) Z:ZI [k]q ( d [p]q)-
(1.6) and (2.7) yield congruence
_ _ _1yd+1
hpaala) = ~2Qy(2,0) ~ Iulg) - P gy EUE

d
= 20,20~ Lal@) — (1~ )P (mod [pl),

as claimed. Similarly, using (1.6) and (2.8), the other congruences are obtained.

Lemma 2.5. Let p > 5 be any prime. For 0 <d <p—3,

p—2
> () o) = - (20" Hal) = 2Q,(2.0) = 1)
k=d+1
-85 (- ' -0 (-0™) ) (amod ),
and
STy _ s
0" Hyrat (@) = =7 (2Q0(2:0) + Tal@) = (-0 Hala)
k=d+1
2
R ) (mod [,
Proof. Consider that
p—2 _ p—d—2 _
> (—o)fHpp-1(a) = ¢ (—q) " Hy(q)
k=d+1 k=1
p—d—2 ; p—d—2
= ¢y [Z.]] ()"
i=1 q k=1
p—d—2 p—d—2 i—1
= ¢ % (—Q)_k—Z(—Q)_k>
i=1 q k=0 k=0
¢ p_d_Z‘i N _\—ptd+1
= T & g (CoT = o7
1

717
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and by (1.5),
p—2
S (—) Hpi-1(q) = lJqu ((—Q)d+1 Hyao(q) + Ip—d—z(Q)) (mod [plg)-
k=d 1

From congruence H, 4 5(q) = H,_1(q) + Hyy1(q) (mod [p],) and (1.1), we have

p—2 _
Z (_Q)ka—k—l(Q)
k=d+1
1 -
= 1 (0™ (Hor (@) + Haa (@) + Tp-a-2(a)
1 -
= 1 (0™ (10 + H@) + Tp-aa (@) (mod [p]y)
and by (1.3),
p—2 _
> ()" Hyi1(q)
k=d+1
= o (Co™ (P e D Hi@) + (@) (mod [pl)
= 11y q 5 q a\q p—d—1\4 q)-
(2.9) yields that
p—2 ( d+1 d+1
= —q) (9" p-1
Y (9 Hyxalg) = Hy(q) + ——(-1)
k=d+1 L+q l+q 2
1 (1-q) (p— (-1)%)
+ Ttgq (_QQP(27Q) —Ia(q) — 5 (mod [pg).
Thus, the proof of this congruence is finish. Similarly, with help of the equality
p—1 _ p—2 _
S (=) Hyoipa1(q) = 77 (=)D (—a) ™" Hilq),
k=d+1 k=d
the proof of other congruence is obtained. O

Lemma 2.6. Let p > 5 be any prime. For 0 <d <p—3,

p—1 _
> ¢ [k, Hp—rra-1(q)
k=d+1
d 1-d | .d —d
_ g I (¢ "+4q% 5 29— 1—q
= Hi(q)— Hy(d)— 21— =—9
1—q<q—1< g+ 1 a(q) a(d) —q 7+ 1
_p-1 o a4t
5 (a(1-¢")+1+4¢) il p+d)> (mod [plg),
and
p—1 1+ g%+l (1_ dt1 4 )
N 1 1 - q q q
k _
L Hp_k_1<q>=( a(q) - Ha(g)
k=d+1 ! l—q\g-1 q+1

oy (P (™) (a0 - @) ) +2) +ald, —p+d+2) ) (mod [y

Proof. Using (1.2), (1.3), (1.5) and (2.6), the proof is similar to the proof of Lemma
2.5. O
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Lemma 2.7. Let p be an odd prime. For 0 <d <p—2,
= [K] ~1+q2-q(—5
2 g = ', (Hd(Q) L qé 7 1 ))> (2.10)
k=d+1 q q
[d+ 2]
+qd <[d]q - [2} 4 (mOd [p]q)7
q
and
p—1
1
>k, = (Il +ald, [d+1],)  (mod [p2). (2.11)
kod 2]
=d+1 q
Proof. Observed that
~1
S
k=d+1 [k —d],
—d—1 —d—1 k
q2dpz 2" k+d], _ q2dp 2 [Klq + 4" [d],
k=1 (], k=1 [kl
2dp7 - 2k qk 2d r &t 2k P&t q3k
= 1+[d, — | = d —
q ’;q <+[]q[k]q> q kglq +1d], 2 T
Using (2.4) and the congruence pr_d_l(q) = H, 1(q) + Ha(q) (mod [p],), we get
p—1 [k‘] 2 2p—2d -
2k q — 249 —4
> 4 = (T ) (o) + Hala)
wia k= dl 1=q !
q(1+¢ ") +2
+Hi-g) (2— p-a,’ — ) ) (mod ).
By the congruence [p — k|, = —q7*[k], (mod [p],) and (1.5), we have
p-1 (k] [2d + 2] _
2k a  _ 2 —2d q
> a =q (—q — Tl (Hp—l(Q)+Hd(Q)
v k=dlg l+q !
a1t 2
+(1=q) (2407, 2 | ) (mod ).
By (1.3), the proof is clearly given. Similarly, the proof of other congruence is given. [

Theorem 2.8. Let p > 5 be any prime. For 0 <d <p— 3,
p—1
_ _(d+1
S E BB () Byaale) = 4(-1)%g ) (< [d+ 1),

k=d+1
+[p], ((p—l)W—(p+d)qd+l+d+3p—1

3qg+1 ~ g+ 3))

d 2
+q“H — H m plo).
q d q 1 dq 1 ( od [ ]q)
Proof. Observed that

p—1
> "B L (@) Bpi—a(q)
k=d+1
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-1
_ pz qk(gp,dJrk) [k]q [k 2_ d]q [ 2p ‘| [ 2p
k=d+1 [l Pkl lp-k+d],

and for 0 <d<p-4

—1
S @R B (@) Byg-d (q)

k=d+1
2 _
2p]2 2= s (K], [k —d], 2 — 1 ] l 2 — 1 ]
= =5 .
ply 12 p—kylp—k+d[p—k-1] [p—k+d-1]

By equality [2p], = (1 + ¢) [p],, equals that for 0 <d <p—4

2p—1 2p—1
p—k—1 . p—k+d—-1 q'

Then using the congruence (1.4) and Lemma 2.1, we show that for 1 <d <p—3

(2p—d+k) [k]q [k_d]q
e k%ﬂ T H, ok,

p—1
S ¢ RB (@) Byj—a (q)
k—d+1

= (1) (14 )P - (Z ¢*

k=d+1

p—1 _
_QQ(quHp +Zq k+d1Q)>

k=d+1 k=d+1

p—1 q2k i p—1 q% L
+[plq k§1[’f]q+q k%:ﬂ . (mod [pl3),

and by some combinatorial operations,

= (—1)T (14 )P gt { S

k=d+1

p—d—2 p—2
—2p], 4" ( ST FH(g) + ¢ q’“ﬁk(q))
k=1

k=d

k=d+1

p—1 p—d—1
q
+[pl, ( Z W +qd Z i ) } (mod [p]?).
By (1.5), (2.3) and (2.5), we write that for 1 <d <p— 3,

p—1
S PB4 (@) Bpi—a (0)
k=d+1

= () a+q) ) (< a+1,

~ 2
+ [plq (3 —2¢" 1+ H, 1(q) (1 + qdq_ql)

~Ha(q) (Zi) + 4" Hp-a-1() (3qq—_ 11)

= (Hyeaal0) + " (Hpeaa) = Hala))) ) ) (anod [51)
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Since congruence I:i’p,d,l(q) = ﬁp_1(q) + Hy(q) (mod [plg), (1.2), (1.3) and (1.5), the
proof is complete. O

Theorem 2.9. Let p > 5 be any prime. For 0 <d <p — 3,

p—1 4_ a1 _h\d+1
kzzcl;rl(_l)qu(zp_d+k)3p,k(Q)Bp,k'—d(q) = 4(_1)dq + Z)q_( 2 (1 +1( —q;
1), (0" + 1) 02,0 + 1u(a) - = (-0 Halo) + ula)

5 (2@ D +pG+a) — (0 (@4 g +pla+1) 1)
~(g=1)(-1)")))  (mod [p2).
Proof. Observe that

p—1
S (-1)kHE OB, L (q) By—a (q)
k=d+1
1
- B oLl ][
2
k=d+1 [Pl p_kqp_k+dq

P e 1 M e P
[p]z k%f 1 [p—k]q[p—k—i-d]q

2p—1][ op—1 ]
p—k:—lqp—k—i—d—lq
and by the equality [2p], = (14 ¢”) [p], , equals

_ [k, [k - d] op — 1 op—1
P2 _1\k k(2p—d+k) q q
e k;m( e [p—/c]q[p—ker]q]lp—k—Jqlp—/ﬁd—l]q‘

Then using (1.4) and Lemma 2.1, we show that for 1 <d <p — 3,

p—1

S (-1)kFF OB, L (q) By (q)
k=d+1

= (1)1 (1+ ) o0 () ( > (-

k=d+1

p—1 N q2k dp—l—d N q2k
+[p}q( > (=1 @Jr(—q) > (=1 [k])

k=d+1 k=1 q
p—1 _ p—1 _
—20l, | D (0 Hpr1(@)+ DY (~0)"Hp—rra-1(q) (mod [p]2).
k=d+1 k=d+1
By Corollary 2.4 and the congruence [2p], = [pl; (mod [p]2), we have

p—1

> (—1)kgkCP=d+R B 4 (q) Bpr—a(q)
k=d+1
p—1
d+1
= (—1) 1+ @2 @B [ ST (gt
k—dt1

+[p, ((—2Qp(2,0) — Ta(a)) (1 + (—0)%)
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“1-q) (p—<—1>d b LgiP =B 2 0 q>>

2 2 qg+1

p—1
—2( Z (=) H,_1_1(q) + Z Hy v 1((1)))) (mod [p]ﬁ)
k=d+1 k=d+1

By Lemma 2.5, we can rewrite

p—1
> (—1)kgk@P=d+R B 4 (q) Bpr_a(q)

st (LG

10l (7 (Fal) + (0" Ha(@) = (20,(2.0) + ta) (1+ (o))
45 (0 (1 =p =90+ 5p0) + (-1 ) L= ) +6) ) ) (mod [5)
By (1.5), we have the proof of the congruence. O

Theorem 2.10. Let p > 5 be any prime. For 0 <d <p—3,

Z ¢*G) R0 B2 () B, alg)

k=d+1
= g(—1)+ 1B -(E)+de-D (1 + qtql)d“
+lpl, (- a) <1+1q <(‘§)d (0-1)(~Tq)—q—4)— >
31+ (24 (0)") (o) + 2Q0(2.0) )

(120 (1Y) - o (Aula) + 200" Hu@) ) ) (mod 5.

Proof. By (1.4), (1.5), Lemma 2.1, Corollary 2.4 and Lemma 2.5, the proof is similar to
the proof of Theorem 2.8. O

Theorem 2.11. Let p > 5 be any prime. For 0 <d <p—3,

p—1
> (1 PE RSB (g)B, i ale) = 8(-1)% (3 ([ + 1],
k=d+1
1 5q +1
1o, (¢ (30— a-V-a@+n) + 2o
+2 ~ 11
—23_—1Hd(Q) +optalp—1)+d- 3)) (mod [p]7).

Proof. By Lemma 2.1, (1.4), (1.5), (2.3) and (2.5), the proof is similar to the proof of
Theorem 2.8. O

Theorem 2.12. Let p > 5 be any prime. For 0 <d <p— 3,

p—1
Z qk(k+2pfd) [k;]q B,k (q) Bpr—d(q) = 9]
k=d+1 q




Congruences with q—generalized Catalan numbers and g—harmonic numbers 723

+[P]q<1q_dq <p+1—q3(p—11)ir;1(1—q)(2p—4) L (p+qd)>

2d 2
q 1—g¢q 2q—1
+2 — 1+ —p+d
1—q< =1 -1 7 )

W +ld+1], ((1 +q) (p—1) + 213q>

v, <_qdp—1+q(2+g(5p—3+2d)) +q(3p_3+d)+1>

d d 2 2
¢“(q¢"(1—-3¢*) +1+4+3¢°+4q) +2
— ( ) Hgy(q

(1—q)
—2<[d] Lt 2(“ >>Hd< >)> (mod [p]2).

‘I1_q 1 )2

Proof. By Lemma 2.1, (1.4), (1.5), (2.6), (2.10) and (2.11), the proof is clearly given. O
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