
Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
Volume 69, Number 2, Pages 1057—1069 (2020)
DOI: 10.31801/cfsuasmas.698841
ISSN 1303—5991 E-ISSN 2618—6470

https://communications.science.ankara.edu.tr

Received by the editors: March 05, 2020; Accepted: May 30, 2020

ON NEW INTEGRAL INEQUALITIES USING MIXED
CONFORMABLE FRACTIONAL INTEGRALS

Barı̧s ÇELİK and Erhan SET

Department of Mathematics, Faculty of Science and Arts, Ordu University, Ordu, TURKEY

Abstract. During the past two decades or so, fractional integral operators
have been one of the most important tools in the development of inequalities
theory. By this means, a lot generalized intergral inequalities involving various
the fractional integral operators have been presented in the literature. Very
recently, mixed conformable fractional integral operators has been introduced
by T. Abdeljawad and with the help of these operators some new integral
inequalities are obtained. The main aim of the paper is to establish some new
Chebyshev type fractional integral inequalities by using mixed conformable
fractional integral operators.

1. Introduction and Preliminaries

In the present paper, our work is based on a celebrated functional introduced by
Chebyshev [4], which is defined by

T (f, g) =
1

b− a

∫ b

a

f(x)g(x)dx−
(

1

b− a

∫ b

a

f(x)dx

)(
1

b− a

∫ b

a

g(x)dx

)
, (1)

where f and g are two integrable functions which are synchronous on [a, b], i.e.

(f(x)− f(y)) (g(x)− g(y)) ≥ 0

for any x, y ∈ [a, b], then the Chebyshev inequality is given by T (f, g) ≤ 0.
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The Chebyshev functional (1) has many applications in numerical quadrature,
transform theory, probability, study of existence for solutions of differential equa-
tions, and in statistical problems. Moreover, under suitable assumptions (Cheby-
shev inequality, Grüss inequality, Minkowski inequality, Hermite-Hadamard in-
equality, Ostrowski inequality etc.), inequalities are playing a significant role in
the field of mathematical sciences, particularly, in the theory of approximations.
A remarkably large number inequalities of above type involving the special

fractional integral (such as the Riemann-Liouville, conformable, Erdélyi-Kober,
Katugampola, Hadamard and Weyl types) have been investigated by many re-
searchers and received considerable attention to it (see [8—10,14,16]).
Now, some fractional integral operators and Chebyshev type inequalities ob-

tained with the help of these operators will be given in the following order:

Definition 1. Let f ∈ L[a, b]. The Riemann-Liouville integrals Jαa+f and J
α
b−f of

order α ∈ R+ with a ∈ R+
0 are defined, respectively, by

Jαa+f(x) =
1

Γ(α)

∫ x

a

(x− t)α−1
f(t) dt (x > a)

and

Jαb−f(x) =
1

Γ(α)

∫ b

x

(t− x)
α−1

f(t) dt (x < b)

where Γ is the familiar Gamma function (see, e.g., [19, Section 1.1]). It is noted
that J1

a+f(x) and J1
b−f(x) become the usual Riemann integrals.

Theorem 2. [7] Let p be a positive function on [0,∞[ and let f and g be two
differentiable functions on [0,∞[. If f ′ ∈ Lr([0,∞[), g′ ∈ Ls([0,∞[), r−1+s−1 = 1,
then for all t > 0, α > 0, we have

2 |Jαp(t)Jαpfg(t)− Jαpf(t)Jαpg(t)|

≤ ||f ′||r||g′||s
Γ2(α)

∫ t

0

∫ t

0

(t− τ)α−1(t− ρ)α−1|τ − ρ|p(τ)p(ρ)dτdρ

≤ ||f ′||r||g′||st (Jαp(t))
2
.

Theorem 3. [7] Let p be a positive function on [0,∞[ and let f and g be two
differentiable functions on [0,∞[. If f ′ ∈ Lr([0,∞[), g′ ∈ Ls([0,∞[), r−1+s−1 = 1,
then for all t > 0, α, β > 0, we have∣∣Jαp(t)Jβpfg(t) + Jβp(t)Jαpfg(t)− Jαpf(t)Jβpg(t)− Jβpf(t)Jαpg(t)

∣∣
≤ ||f ′||r||g′||s

Γ(α)Γ(β)

∫ t

0

∫ t

0

(t− τ)α−1(t− ρ)α−1|τ − ρ|p(τ)p(ρ)dτdρ

≤ ||f ′||r||g′||stJαp(t)Jβp(t).

Definition 4. Let α > 0, µ > −1, β, η ∈ R; then, a generalized fractional integral
Iα,β,η,µt (in terms of the Gauss hypergeometric function) of order α for a real-valued
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continuous function f(t) is defined by [5] (see also [12])

Iα,β,η,µt {f(t)} =
t−α−β−2µ

Γ(α)

∫ t

0

τµ(t− τ)α−1
2F1

(
α+ β + µ− η;α; 1− τ

t

)
f(τ)dτ,

(2)
where the function 2F1(−) appearing as a kernel for the operator (2) is the Gaussian
hypergeometric function defined by

2F1(a, b; c; t) =

∞∑
n=0

(a)n(b)n

(c)n

tn

n!
,

and (a)n is the Pochhammer symbol

(a)n = a(a+ 1) . . . (a+ n− 1), , (a)0 = 1.

Theorem 5. [2] Let p be a positive function and let f and g be two synchronous
functions on [0,∞). If f ′ ∈ Lr([0,∞)), g′ ∈ Ls([0,∞)), r−1 + s−1 = 1, then (for
all t > 0, β < 1, µ > −1, α > max{0,−β − µ}, β − 1 < η < 0)

2
∣∣∣Iα,β,η,µt {p(t)}Iα,β,η,µt {p(t)f(t)g(t)} − Iα,β,η,µt {p(t)f(t)}Iα,β,η,µt {p(t)g(t)}

∣∣∣
≤ t−2α−2β−4µ||f ′||r||g′||s

Γ2(α)

∫ t

0

∫ t

0

τµρµ(t− τ)α−1(t− ρ)α−1

×2F1

(
α+ β + µ,−η;α; 1− τ

t

)
2
F1

(
α+ β + µ,−η;α; 1− ρ

t

)
p(τ)p(ρ)|τ − ρ|dτdρ

≤ ||f ′||r||g′||st
(
Iα,β,η,µt {p(t)}

)2

.

Theorem 6. [2] Let p be a positive function and let f and g be two synchronous
functions on [0,∞). If f ′ ∈ Lr([0,∞)), g′ ∈ Ls([0,∞)), r > 1 r−1 + s−1 = 1, then∣∣∣Iα,β,η,µt {p(t)}Iγ,δ,ζ,νt {p(t)f(t)g(t)}+ Iγ,δ,ζ,νt {p(t)}Iα,β,η,µt {p(t)f(t)g(t)}

−Iα,β,η,µt {p(t)f(t)}Iγ,δ,ζ,νt {p(t)g(t)} − Iγ,δ,ζ,νt {p(t)f(t)}Iα,β,η,µt {p(t)g(t)}
∣∣∣

≤ t−α−β−γ−δ−2(µ+ν)||f ′||r||g′||s
Γ(α)Γ(γ)

∫ t

0

∫ t

0

τµρµ(t− τ)α−1(t− ρ)γ−1

×2F1

(
α+ β + µ,−η;α; 1− τ

t

)
2F1

(
γ + δ + ν,−ζ; γ; 1− ρ

t

)
p(τ)p(ρ)|τ − ρ|dτdρ

≤ ||f ′||r||g′||stIγ,δ,ζ,νt {p(t)}, Iα,β,η,µt {p(t)},
for all t > 0, α > max{0,−β − µ}, β < 1, µ > −1, β − 1 < η < 0, γ >
max{0,−δ − ν}, δ < 1, ν > −1, δ − 1 < ζ < 0.

Definition 7. [11] The Hadamard fractional integral of order α ∈ R+ of a function
f(t), for all t > 1, is defined as

HJ
α{f(t)} =

1

Γ(α)

∫ t

1

(
log

t

τ

)α−1

f(τ)
dτ

τ
.
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Theorem 8. [13] Let p be a positive function and let f and g be two differentiable
functions on [1,∞). If f ′ ∈ Lr([1,∞)), g′ ∈ Ls([1,∞)), r > 1, r−1 + s−1 = 1, then
for all t > 1 and α > 0,

2 |HJα{p(t)}HJα{p(t)f(t)g(t)} − HJ
α{p(t)f(t)}HJα{p(t)g(t)}|

≤ ||f ′||r||g′||s
Γ2(α)

∫ t

1

∫ t

1

(
log

t

τ

)α−1(
log

t

ρ

)α−1
p(τ)p(ρ)

τρ
|τ − ρ|dτdρ

≤ ||f ′||r||g′||st (HJ
α{p(t)})2

.

Theorem 9. [13] Let p be a positive function and let f and g be two differentiable
functions on [1,∞). If f ′ ∈ Lr([1,∞)), g′ ∈ Ls([1,∞)), r > 1, r−1 + s−1 = 1, then∣∣

HJ
α{p(t)}HJβ{p(t)f(t)g(t)}+H Jβ{p(t)}HJα{p(t)f(t)g(t)}

−HJα{p(t)f(t)}HJβ{p(t)g(t)} −H Jβ{p(t)f(t)}HJα{p(t)g(t)}
∣∣

≤ ||f ′||r||g′||s
Γ(α)Γ(β)

∫ t

1

∫ t

1

(
log

t

τ

)α−1(
log

t

ρ

)α−1
p(τ)p(ρ)

τρ
|τ − ρ|dτdρ

≤ ||f ′||r||g′||stHJα{p(t)}HJβ{p(t)},

for all t > 1, α > 0 and β > 0.

Definition 10. [12] Let α > 0, β > 0 and η ∈ R, then the Erdélyi-Kober frac-
tional integral operators I

η,α
β of order α for a real-valued continuous function f(t)

is defined as

I
η,α
β {f(t)} =

t−β(η+α)

Γ(α)

∫ t

0

τβη(tβ − τβ)α−1f(τ)d(τβ)

=
βt−β(η+α)

Γ(α)

∫ t

0

τβ(η+1)−1(tβ − τβ)α−1f(τ)dτ.

Theorem 11. [2] Suppose that p be a positive function, f and g be differentiable
functions on [0,∞), f ′ ∈ Lr([0,∞)), g′ ∈ Ls([0,∞)) such that r−1 + s−1 = 1 with
r > 1. Then for all t > 0, α > 0, β > 0, η ∈ R and η > −1:

2
∣∣∣Iη,αβ {p(t)}Iη,αβ {p(t)f(t)g(t)} − Iη,αβ {p(t)f(t)}Iη,αβ {p(t)g(t)}

∣∣∣
≤ β2t−2βη+α||f ′||r||g′||s

Γ2(α)

∫ t

0

∫ t

0

τµρµ(t− τ)α−1(t− ρ)α−1

×2F1

(
α+ β + µ,−η;α; 1− τ

t

)
2
F1

(
α+ β + µ,−η;α; 1− ρ

t

)
p(τ)p(ρ)|τ − ρ|dτdρ

≤ ||f ′||r||g′||st
(
Iη,αβ {p(t)}

)2

.

Theorem 12. [2] Suppose that p be a positive function, f and g be differentiable
functions on [0,∞), f ′ ∈ Lr([0,∞)), g′ ∈ Ls([0,∞)) such that r > 1 and r−1 +
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s−1 = 1. Then for all t > 0 the following inequality holds:∣∣∣Iη,αβ {p(t)}Iζ,γδ {p(t)f(t)g(t)}+ Iζ,γδ {p(t)}I
η,α
β {p(t)f(t)g(t)}

−Iη,αβ {p(t)f(t)}Iζ,γδ {p(t)g(t)} − Iζ,γδ {p(t)f(t)}Iη,αβ {p(t)g(t)}
∣∣∣

≤ βδt−β(η+α)−δ(ζ+γ)||f ′||r||g′||s
Γ(α)Γ(γ)

∫ t

0

∫ t

0

τβ(η+1)−1ρδ(ζ+1)−1(tβ − τβ)α−1(tδ − ρδ)γ−1

×p(τ)p(ρ)|τ − ρ|dτdρ
≤ ||f ′||r||g′||stIη,αβ {p(t)}, I

ζ,γ
δ {p(t)},

where α, β, γ, δ > 0, η, ζ ∈ R and η > −1 and ζ > −1.

Definition 13. [15] Let p ≥ 0, q > 0, ω, δ, λ, σ, c, ρ ∈ C, <(c) > 0, <(ρ) > 0
and <(σ) > 0. Let f ∈ L[a, b] and x ∈ [a, b]. Then the fractional integral operator
(εω,δ,q,ca+,ρ,σf) defined by Rahman et al. is as the following:

(εω,δ,q,ca+,ρ,σf)(x) =

∫ x

a

(x− τ)σ−1Eδ,q,cp,σ (ω(x− τ)ρ; p)f(τ)dτ

where

Eδ,q,cρ,σ (z; p) =

∞∑
n=0

Bp(δ + nq, c− δ)
B(δ, c− δ)

(c)nq
Γ(ρn+ σ)

zn

n!

and Bp(x, y) is an extension of Beta function defined in [15]

Bp(x, y) =

∫ 1

0

tx−1(1− t)y−1e−
p

t(1−t) dt x, y, p > 0,

where <(p) > 0, <(x) > 0 and <(y) > 0. Also, here B is familiar Beta function as
follows:

B (a, b) =
Γ(a)Γ(b)

Γ(a+ b)
=

∫ 1

0

ta−1 (1− t)b−1
dt, a, b > 0.

Theorem 14. [17] Let t be a positive function on [0,∞) and let f and g be two
differentiable functions on [0,∞). If f ′ ∈ Lr([0,∞)), g′ ∈ Ls([0,∞)), r−1 + s−1 =
1, then for all x > 0, α, β > 0, we have

2
∣∣∣(εω,δ,q,r,c0+,α,β,σtfg

)
(x; p)

(
εω,δ,q,r,c0+,α,β,σt

)
(x; p)−

(
εω,δ,q,r,c0+,α,β,σtf

)
(x; p)

(
εω,δ,q,r,c0+,α,β,σtg

)
(x; p)

∣∣∣
≤ ||f ′||r||g′||s

∫ x

0

∫ x

0

(x− τ)β−1(x− ρ)β−1|τ − ρ|t(τ)t(ρ)

×Eω,δ,q,r,c0+,α,β,σ (ω(x− τ)α; p)Eω,δ,q,r,c0+,α,β,σ (ω(x− ρ)α; p) dτdρ

≤ ||f ′||r||g′||sx
((
εω,δ,q,r,c0+,α,β,σt

)
(x; p)

)2

.
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Theorem 15. [17] Let t be a positive function on [0,∞) and let f and g be two
differentiable functions on [0,∞). If f ′ ∈ Lr([0,∞)), g′ ∈ Ls([0,∞)), r−1 + s−1 =
1, then for all x > 0, α, β, λ, θ > 0, we have∣∣∣(εω,δ,q,r,c0+,α,β,σt

)
(x; p)

(
εω,δ,q,r,c0+,λ,θ,ptfg

)
(x; p) +

(
εω,δ,q,r,c0+,λ,θ,pt

)
(x; p)

(
εω,δ,q,r,c0+,α,β,σtfg

)
(x; p)

−
(
εω,δ,q,r,c0+,α,β,σtf

)
(x; p)

(
εω,δ,q,r,c0+,λ,θ,ptg

)
(x; p)−

(
εω,δ,q,r,c0+,λ,θ,ptf

)
(x; p)

(
εω,δ,q,r,c0+,α,β,σtg

)
(x; p)

∣∣∣
≤ ||f ′||r||g′||s

∫ x

0

∫ x

0

(x− τ)β−1(x− ρ)θ−1|τ − ρ|t(τ)t(ρ)

×Eω,δ,q,r,c0+,α,β,σ (ω(x− τ)α; p)Eω,δ,q,r,c0+,λ,θ,p

(
ω(x− ρ)λ; p

)
dτdρ

≤ ||f ′||r||g′||sx
(
εω,δ,q,r,c0+,α,β,σt

)
(x; p)

(
εω,δ,q,r,c0+,λ,θ,pt

)
(x; p).

Definition 16. [1] Let f be defined on [a, b] and α ∈ C, Re(α) > 0, ρ > 0. Then
(i) The mixed left conformable fractional integral of f is defined by

b
aJ
α,ρf(x) =

1

Γ(α)

∫ x

a

f(s)

(
(b− s)ρ − (b− x)ρ

ρ

)α−1

(b− s)ρ−1ds. (3)

and
(ii) The mixed right conformable fractional integral of f is defined by

aJα,ρb f(x) =
1

Γ(α)

∫ b

x

f(s)

(
(s− a)ρ − (x− a)ρ

ρ

)α−1

(s− a)ρ−1ds. (4)

For recent results related to this operators, we refer the reader [1, 6, 18].

2. Main Results

We obtain in this section certain integral inequalities for the differentiable func-
tions involving the mixed conformable fractional integral operator.

Theorem 17. Let p be a positive function on [0,∞[ and let f and g be two dif-
ferentiable functions on [0,∞[. If f ′ ∈ Lr([0,∞[), g′ ∈ Ls([0,∞[), r−1 + s−1 = 1,
then for all t > 0, α, ρ > 0, we have

2
∣∣ b

0J
α,ρp(t) b0J

α,ρpfg(t)− b
0J
α,ρfp(t) b0J

α,ρpg(t)
∣∣

≤ ||f ′||r||g′||s
Γ2(α)

[∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1

×
(

(b− y)ρ − (b− t)ρ
ρ

)α−1

(b− y)ρ−1|x− y|p(x)p(y)dxdy

]
≤ ||f ′||r||g′||st

(
b
0J
α,ρp(t)

)2
. (5)



ON NEW INTEGRAL INEQUALITIES 1063

Proof. Let f and g be two functions satisfying the conditions of Theorem 17 and
let p be a positive function on [0,∞[.
Define

H(x, y) := (f(x)− f(y)(g(x)− g(y))); x, y ∈ (0, t), t > 0. (6)

Multiplying (6) by 1
Γ(α)

(
(b−x)ρ−(b−t)ρ

ρ

)α−1

(b − x)ρ−1p(x) and integrating the re-

sulting identity with respect to x from 0 to t, we can write

1

Γ(α)

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1p(x)H(x, y)dx

= b
0J
α,ρpfg(t)− f(y) b0J

α,ρpg(t)− g(y) b0J
α,ρpf(t) + f(y)g(y) b0J

α,ρp(t). (7)

Now, multiplying (7) by 1
Γ(α)

(
(b−y)ρ−(b−t)ρ

ρ

)α−1

(b−y)ρ−1p(y) and integrating the

resulting identity with respect to y from 0 to t, we can write

1

Γ(α)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1

×
(

(b− y)ρ − (b− t)ρ
ρ

)α−1

(b− y)ρ−1p(x)p(y)H(x, y)dx

= 2
(
b
0J
α,ρp(t) b0J

α,ρpfg(t)− b
0J
α,ρpf(t) b0J

α,ρpg(t)
)
. (8)

On the other hand, we have

H(x, y) :=

∫ y

x

∫ y

x

f ′(u)g′(w)dudw. (9)

Using Hölder inequality for double integral, we can write

|H(x, y)| ≤
∣∣∣∣∫ y

x

∫ y

x

|f ′(u)|rdudw
∣∣∣∣r−1 ∣∣∣∣∫ y

x

∫ y

x

|g′(w)|sdudw
∣∣∣∣s−1 . (10)

Since ∣∣∣∣∫ y

x

∫ y

x

|f ′(u)|rdudw
∣∣∣∣r−1 = |x− y|r

−1
∣∣∣∣∫ y

x

|f ′(u)|rdu
∣∣∣∣r−1 (11)

and ∣∣∣∣∫ y

x

∫ y

x

|g′(w)|sdudw
∣∣∣∣s−1 = |x− y|s

−1
∣∣∣∣∫ y

x

|g′(w)|sdw
∣∣∣∣s−1 , (12)

then, we can estimate H as follows:

|H(x, y)| ≤ |x− y|
∣∣∣∣∫ y

x

|f ′(u)|rdu
∣∣∣∣r−1 ∣∣∣∣∫ y

x

|g′(w)|sdu
∣∣∣∣s−1 . (13)

On the other hand, we have

1

Γ2(α)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1
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×
(

(b− y)ρ − (b− t)ρ
ρ

)α−1

(b− y)ρ−1p(x)p(y)|H(x, y)|dxdy

≤ 1

Γ2(α)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1

×
(

(b− y)ρ − (b− t)ρ
ρ

)α−1

(b− y)ρ−1

×p(x)p(y)|x− y|
∣∣∣∣∫ y

x

|f ′(u)|rdu
∣∣∣∣r−1 ∣∣∣∣∫ y

x

|g′(w)|sdw
∣∣∣∣s−1 dxdy. (14)

Applying again Hölder inequality to right-hand side of (14), we can write

1

Γ2(α)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1

×
(

(b− y)ρ − (b− t)ρ
ρ

)α−1

(b− y)ρ−1p(x)p(y)|H(x, y)|dxdy

≤
[

1

Γr(α)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1 (15)

×
(

(b− y)ρ − (b− t)ρ
ρ

)α−1

(b− y)ρ−1|x− y|p(x)p(y)

∣∣∣∣∫ y

x

|f ′(u)|rdu
∣∣∣∣ dxdy

]r−1

×
[

1

Γs(α)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1

×
(

(b− y)ρ − (b− t)ρ
ρ

)α−1

(b− y)ρ−1|x− y|p(x)p(y)

∣∣∣∣∫ y

x

|g′(w)|sdw
∣∣∣∣ dxdy

]s−1
.

Now, using the fact that∣∣∣∣∫ y

x

|f ′(u)|rdu
∣∣∣∣ ≤ ||f ′||rr, ∣∣∣∣∫ y

x

|g′(w)|sdw
∣∣∣∣ ≤ ||g′||ss , (16)

we obtain

1

Γ2(α)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1

×
(

(b− y)ρ − (b− t)ρ
ρ

)α−1

(b− y)ρ−1p(x)p(y)|H(x, y)|dxdy

≤
[
||f ′||rr
Γr(α)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1 (17)
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×
(

(b− y)ρ − (b− t)ρ
ρ

)α−1

(b− y)ρ−1|x− y|p(x)p(y)dxdy

]r−1

×
[
||g′||ss
Γs(α)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1

×
(

(b− y)ρ − (b− t)ρ
ρ

)α−1

(b− y)ρ−1|x− y|p(x)p(y)dxdy

]s−1
.

From (17), we get

1

Γ2(α)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1

×
(

(b− y)ρ − (b− t)ρ
ρ

)α−1

(b− y)ρ−1p(x)p(y)|H(x, y)|dxdy

≤
[
||f ′||r||g′||s

Γ2(α)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1 (18)

×
(

(b− y)ρ − (b− t)ρ
ρ

)α−1

(b− y)ρ−1|x− y|p(x)p(y)dxdy

]r−1
.

Since r−1 + s−1 = 1, then we have

1

Γ2(α)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1

×
(

(b− y)ρ − (b− t)ρ
ρ

)α−1

(b− y)ρ−1p(x)p(y)|H(x, y)|dxdy

≤ ||f ′||r||g′||s
Γ2(α)

[∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1 (19)

×
(

(b− y)ρ − (b− t)ρ
ρ

)α−1

(b− y)ρ−1|x− y|p(x)p(y)dxdy

]
.

By the relations (6) and (19) and using the properties of the modulus, we get the
first inequality in Theorem 17 .
Now we shall prove the second inequality of Theorem 17, we have

0 ≤ x ≤ t, 0 ≤ y ≤ t.

Hence

0 ≤ |x− y| ≤ t. (20)



1066 B. ÇELİK, E. SET

Therefore, we have

1

Γ2(α)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1

×
(

(b− y)ρ − (b− t)ρ
ρ

)α−1

(b− y)ρ−1p(x)p(y)|H(x, y)|dxdy

≤ ||f ′||r||g′||st
Γ2(α)

[∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1

×
(

(b− y)ρ − (b− t)ρ
ρ

)α−1

(b− y)ρ−1p(x)p(y)dxdy

]
= ||f ′||r||g′||st

(
b
0J
α,ρp(t)

)2
.

Theorem 17 is thus proved. �

Theorem 18. Let p be a positive function on [0,∞[ and let f and g be two dif-
ferentiable functions on [0,∞[. If f ′ ∈ Lr([0,∞[), g′ ∈ Ls([0,∞[), r−1 + s−1 = 1,
then for all t > 0, α, β, ρ > 0, we have∣∣ b

0J
α,ρp(t) b0J

β,ρpfg(t) + b
0J
β,ρp(t) b0J

α,ρpfg(t)

− b
0J
α,ρpf(t) b0J

β,ρpg(t)− b
0J
β,ρpf(t) b0J

α,ρpg(t)
∣∣

≤ ||f ′||r||g′||s
Γ(α)Γ(β)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1

×
(

(b− y)ρ − (b− t)ρ
ρ

)β−1

(b− y)ρ−1|x− y|p(x)p(y)dxdy

≤ ||f ′||r||g′||st b0Jα,ρp(t) b0Jβ,ρp(t), (21)

where H(x, y) are the same as given in (6).

Proof. Using the identity (7), we can write

1

Γ(α)

1

Γ(β)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1

×
(

(b− y)ρ − (b− t)ρ
ρ

)α−1

(b− y)ρ−1p(x)p(y)H(x, y)dxdy

= b
0J
α,ρp(t) b0J

β,ρpfg(t) + b
0J
β,ρp(t) b0J

α,ρpfg(t)

− b
0J
α,ρpf(t) b0J

β,ρpg(t)− b
0J
β,ρpf(t) b0J

α,ρpg(t). (22)

From the relation (13), we can obtain the following estimation

1

Γ(α)

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1p(x)|H(x, y)|dx
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≤ 1

Γ(α)

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1|x− y|p(x)

×
∣∣∣∣∫ y

x

|f ′(u)|rdu
∣∣∣∣r−1 ∣∣∣∣∫ y

x

|g′(w)|s
∣∣∣∣s−1 dx. (23)

Therefore, we have

1

Γ(α)

1

Γ(β)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1

×
(

(b− y)ρ − (b− t)ρ
ρ

)β−1

(b− y)ρ−1p(x)p(y)|H(x, y)|dxdy

≤ 1

Γ(α)Γ(β)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1

×
(

(b− y)ρ − (b− t)ρ
ρ

)β−1

(b− y)ρ−1|x− y|p(x)p(y)

×
∣∣∣∣∫ y

x

|f ′(u)|rdu
∣∣∣∣r−1 ∣∣∣∣∫ y

x

|g′(w)|s
∣∣∣∣s−1 dxdy. (24)

Applying Hölder inequality for double integral to the right-hand side of (24), yields

1

Γ(α)

1

Γ(β)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1

×
(

(b− y)ρ − (b− t)ρ
ρ

)β−1

(b− y)ρ−1p(x)p(y)|H(x, y)|dxdy

≤
[

1

Γr(α)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1

×
(

(b− y)ρ − (b− t)ρ
ρ

)β−1

(b− y)ρ−1|x− y|p(x)p(y)

×
∣∣∣∣∫ y

x

|f ′(u)|rdu
∣∣∣∣ dxdy]r−1

×
[

1

Γs(β)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1

×
(

(b− y)ρ − (b− t)ρ
ρ

)β−1

(b− y)ρ−1|x− y|p(x)p(y)

×
∣∣∣∣∫ y

x

|g′(w)|sdw
∣∣∣∣ dxdy]s−1 . (25)
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By (16) and (25), we get

1

Γ(α)

1

Γ(β)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1

×
(

(b− y)ρ − (b− t)ρ
ρ

)β−1

(b− y)ρ−1p(x)p(y)|H(x, y)|dxdy

≤ ||f ′||r||g′||s
Γ(α)Γ(β)

∫ t

0

∫ t

0

(
(b− x)ρ − (b− t)ρ

ρ

)α−1

(b− x)ρ−1

×
(

(b− y)ρ − (b− t)ρ
ρ

)β−1

(b− y)ρ−1|x− y|p(x)p(y)dxdy. (26)

Using (22) and (26) and the properties of modulus, we get the first inequality in
(21). �

3. Remarks

Now, let us briefly consider some special cases of the main results. In Theorem
17 and Theorem 18, if we choose ρ = 1 and make use of the relationship (3), then
the main results are reduced to Theorem 2 and Theorem 3 obtained by Dahmani
et al. [7].
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