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The objective of this work was to evaluate the adsorption potential of waste orange 
peels for the removal of palladium. Among linear models, Langmuir isotherm model 
was more suitable for the adsorption process. Adsorption kinetics analysis of 
pseudo-second-order model revealed that intraparticle transport was not the only 
rate-limiting step. Analysis based on the nonlinear mathematical modeling indicated 
that Smoothing Spline model shows best fitting with higher R-square (R2) and lower 
Sum of Square Error (SSE) and Root Mean Square Error (RMSE). It was concluded 
that the SSE and RMSE values should be taking into account as well as R2 in the 
adsorption studies. 

  

ATIK PORTAKAL KABUKLARI ÜZERİNE PALADYUM ADSORPSİYONU İÇİN 
FARKLI MODELLEME YÖNTEMLERİNİN KARŞILAŞTIRILMASI 

 

Anahtar Kelimeler Öz 
Adsorpsiyon, 
Eğri Uydurma, 
Nonlineer Modelleme, 
Paladyum. 
 

Bu çalışmanın amacı, paladyumun giderimi için atık portakal kabuklarının 
adsorpsiyon potansiyelini değerlendirmektir. Doğrusal modeller arasında 
Langmuir izoterm modeli adsorpsiyon prosesi için en uygun olarak belirlenmiştir. 
Yalancı ikinci dereceden modelin adsorpsiyon kinetik analizi, partikül içi 
taşınmanın tek hız sınırlayıcı adım olmadığını ortaya koymuştur. Doğrusal olmayan 
matematiksel modellemeye göre, Yumuşatılmış Spline modeli daha yüksek R2 ve 
daha düşük Toplam Kare Hatası (SSE) ve Kök Ortalama Kare Hatası (RMSE) ile en 
uygun model olmuştur. Adsorpsiyon çalışmalarında R2'nin yanı sıra, SSE ve RMSE 
değerlerinin de dikkate alınması gerektiği sonucuna varılmıştır. 
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1. Introduction 
 
Palladium (Pd) is an important precious metal and widely used for catalytic applications, electronic devices, 
plating materials, jewelry and pharmaceuticals (Morcali and Zeytuncu, 2015). The rapid industrial development 
resulting in the increasing demand for Pd has further enhanced the significance towards recovering this valuable 
metal. Techniques such as solvent extraction, ion exchange, chemical precipitation and adsorption are some of the 
well-known methods for the recovery of Pd (Sharma and Rajesh, 2016). Among them, adsorption is an effective 
strategy for the recovery of metal ions from aqueous solution and the selection of adsorbent plays a key role in it. 
Therefore, researches on novel adsorbents have attracted considerable attention in analytical chemistry. Studies 
are also carried out on biosorbents such as tea waste (Öztürk et al., 2020); hazelnut processıng plant wastes (Tunç 
Dede, 2019); banana peel (Fabre et al., 2020); lemongrass leaf (Putri et al., 2020); kiwifruit (Kızmaz et al., 2019). 
 
In the literature, different adsorbents were used for Pd adsorption including, crosslinked lignophenol (Parajuli et 
al., 2009), chemical modified waste paper (Adhikari et al., 2008), modified polyacrylonitrile (Morcali and Zeytuncu, 
2015), thiazole ligand tethered on an amine functionalized polymeric resin (Sharma and Rajesh, 2016), 1,3,5-
triazine-pentaethylenehexamine polymer (Sayın et al., 2015), polyamine functionalized polystyrene-based beads 
and nanofibers (Fayemi et al., 2013), 2-mercaptobenzothiazole impregnated cellulose (Sharma and Rajesh, 2014). 
 
Mathematical modeling is an important and powerful tool that can be used regarding the identification of the 
limiting transfer mechanism. The model is validated through experimental data of the kinetics of sorption and 
allows the prediction of answers in many operational conditions, project design, optimization and control (Suzaki 
et al., 2017). Specifically, the curve fitting is one of the most used mathematical modeling tools by analyzing the 
relationship between the series of data points and representing the trend of them with a concise mathematical 
function.  Depending on the subject, it can be used to estimate inner prediction (interpolation) or outer prediction 
(extrapolation). Usually, the curve fitting is utilized for interpolation as capturing the relationship between original 
variables and estimating the value of unknown inter variables that are located between original variables. 
Although there are different types of curve fitting, the least square curve fitting is a popular method among them. 
In the concept of least square curve fitting methodology, the sum of the square of error between original and 
estimated variables is minimized by taking the derivative of both sides of two equations. There are two types of 
curve fitting functions, namely, linear and nonlinear functions. In adsorption studies, in addition to linear models 
such as Langmuir, Freundlich and BET, various nonlinear mathematical models including Pseudo first order 
(Rathinam et al., 2010), Pseudo second order (Herrero et al., 2011), artificial neural network modeling (Yang et 
al., 2014), phenomenological mathematical modeling (Suzaki et al., 2017), Response Surface Methodology 
(Igberase et al., 2017; Kalantari et al., 2015) were used by researchers. 
 
In this study, differently from the literature, waste orange peel was used as an adsorbent for Pd adsorption and 
the obtained results were modelled by different nonlinear mathematical methods (Polynomial, Smoothing Spline, 
Power, Exponential, Gaussian and Fourier curve fitting models). The results are discussed in two parts as kinetic 
model results and isotherm model results. Results of non-linear methods were compared to those of linear models 
(Langmuir, Freundlich, BET isotherms and pseudo first order, diffusion, pseudo second order kinetic models) that 
were already existed.  Additionally, to evaluate the performance of all mathematical methods in terms of relation 
between estimated and observed data, least square curve fitting method was also applied. 
 
2. Material and Method 
 
In adsorption studies, waste orange peel was used as the adsorbent. First, the waste orange peels were washed, 
dried (at 55°C), grinded and sieved to the particle size of 0.2 to 0.5 mm. Pd standard solution was from Fluka in 
analytical purity. 
 
2.1. Experimental Studies 
 
Adsorption kinetics and isotherms experiments were realized for the conditions (pH:5, temperature: 60°C, 
duration:120 min.) that yield the highest Pd adsorption efficiency (92.77% adsorption efficiency and 0.72 mgL-1 
final concentration) indicated in our previous study (Özkan et al., 2018). Adsorption experiments were realized 
with using 2.5 g of waste orange peel in the 500 mL Pd solution at the initial concentration of 10 mgL-1.  For 
adsorption isotherm studies, different weights of waste orange peel (0.05, 0.1, 0.2, 0.3, 0.4 and 0.5 g) were mixed 
with 500 mL of 10 mgL-1 Pd solution for 120 min.  Final palladium concentrations of the samples were measured 
by ICP-OES (Model 720, Varian, Palo Alto, CA, USA). According to the experimental results; pseudo first order, 
diffusion and pseudo second order models used for adsorption kinetics and Freundlich, Langmuir and BET 
isotherm models were applied. The detailed explanations were given in our previous study (Özkan et al., 2018).  
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2.2. Nonlinear Mathematical Fitting Models Application 
 
To model the Pd adsorption onto waste orange peel, six different nonlinear data modeling methods were applied: 
polynomial, smoothing spline, power, exponential, Gaussian and Fourier models. The polynomial model is 
explained in detail, including the basic approach of curve fitting, and other models are summarized. The details of 
the models can be found in the Chapra and Canale (2010). All of the models were implemented in MATLAB 
environment.  
 
Polynomial Model: In order to reveal the mathematical procedure behind the curve fitting, the derivation of curve 
fitting with least square error minimization technique is exhibited by following stages. Assuming that we are 
aiming to modeling the data based on the second-order polynomial function with a0, a1, a2 coefficients. In this case, 
the mathematical model should be formulated as in Equation (1). 
 

    2
0 1 2e y a a x a x                                            (1) 

 
where e is the expected residual value. If the both of yi equations and then sum of squares of the residual (error) 
value are gathered and represented with a single equation as in Equation (2), then the curve fitting procedure can 
be initiated on given function. 
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With respect to the least square error minimization idea, it is required to take the derivative of both sides of 
equations per each coefficient stated on the fitted polynomial function as in Equation (3); 
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(3) 

 
Since the left side of equations was scalar, the derivative of scalar values would be simultaneously equal to zero. 
Also, the coefficient of summation symbols would be 1, when the both side was divided with -2.  Later, the 
emergent each of terms can be arranged to expose the coefficients (a0, a1, a2) that are needed to be estimated as 
shown in Equation (4). 
 

2

1 1 1

0

2 3
1

1 1 1 1

2
2 3 4 2

1 1 1 1

m m m

i i i
i i i

m m m m

i i i i i
i i i i

m m m m

i i i i i
i i i i

AX Y

m x x y

a

x x x a x y

a

x x x x y

Input Data Coefficients Observed Data

  

   

   

   
   
    
    

    
        
   
   

  

   

   

 

 
 
 

(4) 

 
The obtained mathematical form refers a non-linear system.  By expanding the idea of curve fitting, it can be easily 
adopt the concept of second-order curve fitting onto k th-order polynomial curve fitting as shown in Equation (5): 
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Smoothing Spline Model: Since the polynomial curve fitting is sensitive to trend of data, it yields a high error 
value when few terms chosen. On the other hand, if the high number of terms are chosen, then residual error 
becomes smaller, but the computational cost is increased with respect to selected number polynomial terms. To 
overcome these problems, a piecewise polynomial model, the smoothing spline curve fitting strategy were 
proposed as working based on the spline functions. Theoretically, a smoothing spline function with smoothing 
parameter was utilized in case of interpolation. Smoothing spline model minimizes the following error value as 
indicated in Equation (6). 
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(6) 

Where,  wi denotes the weight coefficient (default 1), p is smoothing parameter between 0 and 1 as p=0 indicates 
a least-squares straight-line applied on data and p=1 denotes a cubic spline interpolant.   
 
Power Model: Power curve fitting relies on describing the variation between two variables as power of another. 
In general, it is considered two independent variables are relatively dependent to each other. For example, the 
area of rectangle depends on the height and width, if the height and width are multiplied with 3, then the area have 
to multiplied with 9, which is square of 3. The one and two terms power function can be represented with Equation 
(7) and Equation (8), respectively. 
 

by ax   
(7) 

by ax c   (8) 

Where the a, b and c  indicate the coefficients required to be estimated, while x and y refer to observed and 
estimated data, respectively. 
 
Exponential Model: In addition to the power curve fitting as explained above, the exponential function can be 
used in terms of curve fitting based on the least square estimation. Let’s assume that we want to represent the 
given original data with a one term exponential relationship equation likewise to Equation (9). In exponential case, 
an exponential function, e, is utilized on modeling function. 
 

bxy ae   
(9) 

 
If one takes the logarithm of both sides of equation, then it will be in the form of Equation (10). 
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Later, the concept of least square error minimization applied to construct the augment matrix Equation (11). 
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To avoid giving great weights to yi values, the both side of equation is multiplied with and the derivation procedure 
applied on both side of equation. Once the derivation procedure completed, the formula would be turn out the 
following structure in Equation (12). 
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Gaussian Model: The Gaussian curve fitting is another technique to summarize the characteristic of data with a 
Gaussian function. Similar to one term exponential, a Gaussian one term function is operated as shown in Equation 
(13). As if the least square estimation performed on the difference between estimated and original variable as 
given in Equation (14), then the model would be converted into augmented matrix form. The aim is determining 
the value of ai, bi and ci coefficients. 
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Fourier Model: Based upon the Fourier assumption, it is possible to represent the data with a series of cosine and 
sine curves. The theory under Gaussian model was utilized in case of least square error estimation.  Fourier model 
can be summarized with Equation (15). 
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(15) 

 
Where, x denotes the observed data, a0 equals to model constant as taking i=0, w refers to frequency of observed 
data and n is the number of terms for modeling the data. 
 
2.3. Performance Evaluation Metrics 
 
To evaluate the performance of proposed methods, some statistical metrics were utilized to reveal the relation 
between estimated and observed data. The observed data refers to experimental amount of adsorbed Pd by the 
waste orange peels, whereas the estimated data indicate the data points obtained after applied mathematical curve 
fitting functions. Depending upon the error metrics, the results of linear and non-linear regression models for 
kinetic and isotherm studies were compared to each other in terms of benchmarking performance evaluation. 
Specifically, the produced lowest error value from a model presents the best fitting one in terms of making some 
predictions on adsorbed Pd concentrations onto orange peels. 
 
For statistical performance evaluation, the R-square (R2), Sum of Square (SSE) and Root Mean Square Error 
(RMSE) numerical metrics were utilized. Technically, the obtained lower value of SSE and RMSE refers to the more 
accurate modelled the data. SSE indicates the sum of squares of residuals between estimated and observed 
palladium concentrations. In a simple way, the SSE is computed with Equation (16). 
 

n 2
observed,i estimated,ii=1

SSE= (X -X )                    (16) 

 
As n refers to number of observations Xobserved,i and Xestimated,i denote the i. value of estimated and measured data 
for palladium, respectively. On the other side, the RMSE unveils the squared root of mean square error (MSE). 
RMSE can be obtained as represented with Equation (17). 
 

RMSE= MSE, MSE=SSE/n                             (17) 

 
where n is the number of observations. For the performance evaluation, we would like to expect that the value of 
SSE and RMSE should be more close to 0, and the value of R2 should be high as much as possible, in terms of good 
accuracy rate.   
 
R2 is the coefficient of determination and is computed with Equation (18). 
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(18) 

 

In given Equation (18), SST denotes the total sum of square error and x  refers to mean of observed data.  

 
3. Results and Discussions 
 
The results are discussed in two parts as kinetic model and isotherm model results. 
 
3.1. Kinetic Model Results 
 
Likewise, the aforementioned curve fitting models were applied on kinetic coefficients. The visual plots of each 
nonlinear model with linked R2 scores are given in Figure 1 (t: min; qt: mg/g). According to Figure 1, the best fitted 
nonlinear models are Smoothing Spline and Gaussian models show the best fitting (R2: 1) fluctuations with 
increased time intervals.  
 

 
 

Figure 1. Fitting graphics of nonlinear models for kinetic studies 

 
In addition to Figure 1, Table 1 represents results of statistical metrics for linear (pseudo first order, pseudo second 
order and diffusion models) and nonlinear models (polynomial, smoothing spline, power, exponential, Gaussian 
and Fourier models). Undoubtedly, it can be inferred that the pseudo second order model presents dominant R2 
value, which is reported as 0.9995. On the other side, the performances of pseudo first order model and diffusion 
model are very similar to each other. Although the higher value of R2 obtained in case of pseudo second order 
model, but the SSE and RMSE scores are not satisfied in terms of describing the characteristic of data when 
comparing with other kinetic models. Based on this fact, it is vitally important to emphasize that it would be not 
correct to decide whether a fitted mathematical model is efficient and promising only by considering R2 values. 
Therefore, the SSE and RMSE values should be taking into account as well as R2. According to Table 1, for nonlinear 
models, Gaussian (two terms), smoothing spline and pseudo second order model were very close to each other. 
Although the higher value of R2 obtained in case of pseudo second order model, but the SSE and RMSE scores are 
not satisfied in terms of describing the characteristic of data when comparing with other kinetic models. Then it 
can be said that the Gaussian and Smoothing spline are in a competition and produced same results that are 
superior to kinetic and other curve fitting models. In fact, the sharp differential in performance can be 
distinguished when the RMSE values are taken as reference. Clearly, it is shown that the Smoothing spline model 
take first place in ranking with 0.0000 score, whereas the Gaussian model comes in second rank with 0.0028 score 
in terms RMSE metric.  
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Table 1. The statistical performance of linear and nonlinear models for kinetic studies 
Model R2 SSE RMSE Function 

Linear Models     
Pseudo first order 0.3364 0.0079 0.0445 y = 0.0008x + 0.0095 

Pseudo second order 0.9995 0.1634 0.2021 y = 0.2275x – 0.1201 
Diffusion Model 0.3722 0.0075 0.0433 y = -0.0124x + 4.542 

Nonlinear Models     
Polynomial 
(two terms) 

0.3684 0.0075 0.0501 y=p1*x^2 + p2*x + p3 
p1=0.1151,p2=-0.2252,p3=4.5250 

Polynomial 
(three terms) 

0.7384 0.0031 0.0395 y=p1*x^3 + p2*x^2 + p3*x + p4 
p1=-1.032e-06,p2=0.0002247,p3=-0.01496,p4=4.733 

Smoothing Spline 1 0.0000 0.0000 y=piecewise polynomial computed from p 
p =  0.999986 

Power 
(two terms) 

0.4473 0.0066 0.0469 y = a*x^b+c 
a=5.516,b=-1.359,c=4.411 

Exponential 
(two terms) 

0.4574 0.0065 0.0569 y=a*exp(b*x) + c*exp(d*x) 
a=0.3442,b=-0.08291,c=4.445,d=-5.265e-05 

Gaussian 
(two terms) 

1 0.0000 0.0028 y=a1*exp(-((x-b1)/c1)^2) + a2*exp(-((x-b2)/c2)^2 
a1=3.966,b1=1.858,c1=76.98,a2=4.007,b2=122.3,c2=79.08 

Fourier 
(Two terms) 

0.9310 0.0008 0.0287 y= a0+a1*cos(x*w) +b1*sin(x*w)+a2*cos(2*x*w)+b2*sin(2*x*w) 
a0=4.435,a1=-0.09568,b1=0.01781,a2=0.0349,b2=-

0.03441,w=0.09959 

 
Table 2 shows that, although Gaussian and Smooting Spline methods were determined as the best fitting models 
by this study, generally the highest R2 values (>0.99) in the literature studies are obtained by pseudo-second-
order models. 

 
Table 2. Comparison of the adsorption kinetic results with the literature 

Reference Adsorbent  Model type R2 

Omidinasab et al., 2018 
magnetic chitosan 
nanoparticles 

Pseudo first order 0.933 
Pseudo second order 0.9989 
Elovich 0.7288 
Intra particle diffusion 0.577 

Shafizadeh et al., 2019 
magnetic ion-imprinted 
polymer 

Pseudo first order 0.987 
Pseudo second order 0.999 

Sato et al., 2019 Silk fibroin fiber 
Pseudo first order 0.8275 
Pseudo second order 0.9964 
Intra particle diffusion 0.6642 

Wang et al., 2021 

PEI-chitin 
Pseudo first order 0.992 
Pseudo second order 0.989 

Amberjet 4200 
Pseudo first order 0.999 
Pseudo second order 0.978 

SYL-0830 
Pseudo first order 0.861 
Pseudo second order 0.916 

Özkan et al., 2018 (Our 
previous study) 

Waste orange peel 
Pseudo first order 0.5966 
Pseudo second order 0.9995 
Intra particle diffusion 0.3722 

This study   
Gaussian and Smooting 
Spline (Best models) 

1 

 
 

3.2. Isotherm Model Results 

 
While the trend behind coefficients of isotherms is represented with linear functions, the curve fitting methods 
are modelled based on the non-linear functions obtained based on the least square error minimization procedure. 
The low value of SSE and RMSE with high value of R2 imply the efficient curve fitting model in terms of either 
summarizing the relationship between coefficients or predicting the unknown inter values with respect to fitted 
model. The visual analysis of results obtained by utilized mathematical curve fitting functions is given in Figure 2. 
Table 3 reflects the statistical performance results produced by linear and nonlinear models. Comparing the R2 
coefficient among the isotherms it can observed that BET model yields a better fit than Langmuir and Freundlich 
isotherms. Upon inspecting the results, the performance of Freundlich isotherm was outperformed Langmuir 
isotherm. The observed considerable increase in performance of Freundlich isotherm can be explained that 
constructing mathematical models on normalized values makes model more resistance to outliers, which always 
ruin the common trend behind the processed data and widely accepted as noisy values. From this aspect, one can 
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emphasize that the performance gradually increases in case of taking the logarithmic values of isotherm’s 
coefficients including the Ce and qe. Thus, the normalization process makes data more smoothing form even if the 
noise existed. By observing the results given Table 3, it can be said that lowest SSE value of isotherms is reported 
to 0.0012 in case of Langmuir isotherm while the SSE values of Freundlich and BET isotherms are reported to 
0.2112 and 231.1674, respectively. Also, similar outputs can be observed when RMSE values are ground on. If both 
the SSE and RMSE error results with R2 values are considered together, it is able to deduce that Langmuir isotherm 
is better than Freundlich and BET isotherms in terms of prevailing the trend of data. Also, comparison of the 
adsorption isotherm results with the literature is given in Table 4. According to the table, in the nonlinear model 
in this study, higher R2 value was obtained than linear models in the literature. 
 
As, it can be observed from Table 3 and Figure 2, that best R2 is noted as 0.9903 by smoothing spline curve fitting 
model with the lowest SSE value of 0.0265. When compared to isotherms models, it can be seen that R2 of 
smoothing spline model is higher than those of BET isotherm model (R2: 0.9798). On the other hand, the second 
rank of performance is obtained by Polynomial model (R2: 0.9879). Although the good result of R2 and low value 
of SSE are generated by smoothing spline, it can be apparently seen that the performance of polynomial (three-
terms) is favorable when the lowest error value reported to 0.1335 is considered. 
 

 
Figure 2. Fitting graphics of nonlinear models for isotherm studies 

 
Table 3. The statistical performance of linear and nonlinear models for isotherm studies 

Models R2 SSE RMSE Function 
Linear Models     

Langmuir 
isotherm 

0.8234 0.0012 
0.017

2 
y=2.1048x – 0.3107 

Freundlich 
isotherm 

0.9229 0.2112 
0.229

8 
y=7.6252x – 10.255 

BET 
isotherm 

0.9798 
231.16

7 
7.602

1 
y=831.83x – 442.74 

Nonlinear Models     
Polynomial 

(three terms) 
0.9879 0.0356 

0.133
5 

y=p1*x^3 + p2*x^2 + p3*x + p4 
p1=-244.6,p2=1276,p3=-2207,p4=1268 

Smoothing Spline 
(two terms) 

0.9903 0.0265 
0.135

8 
y=piecewise polynomial computed from p 

p = 0.999998 
 

ln
 q

t 
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Table 3. Continued 

Power 
(two terms) 

0.9690 0.0851 
0.168

4 
y = a*x^b+c 

a=-209.6,b=-8.585,c=4.975 
Exponential 
(two terms) 

0.9863 0.0376 
0.137

2 
y=a*exp(b*x) + c*exp(d*x) 

a=-5.478e-17,b=20.12,c=0.001922,d=4.27 
Gaussian 

(two terms) 
0.9820 0.0495 

0.222
4 

y=a1*exp(-((x-b1)/c1)^2) + a2*exp(-((x-b2)/c2)^2 
a1=0,b1=12.15,c1=1.211,a2=4.128,b2=1.891,c2=0.2974 

Fourier 
(two terms) 

0.9877 0.0336 
0.183

3 

y=a0+a1*cos(x*w)+b1*sin(x*w)+a2*cos(2*x*w)+b2*sin(2*x*
w) 

a0=3.468a1=-0.6309,b1=-0.7221,a2=-0.1642,b2=-
0.2769w=11.89 

 
Table 4. Comparison of the adsorption isotherm results with the literature 

Reference Adsorbent Model type R2 

Omidinasab et al., 2018 
magnetic chitosan 
nanoparticles 

Langmuir 0.8882 
Freundlich 0.9805 
Temkin 0.85 
Dubinin-Radushkevich 0.7949 

Shafizadeh et al., 2019 
magnetic ion-
imprinted polymer 

Langmuir 0.989 
Freundlich 0.965 

Sato et al., 2019 Silk fibroin fiber 
Langmuir 0.9755 
Freundlich 0.9557 

Wang et al., 2021 

PEI-chitin 
Langmuir 0.944 
Freundlich 0.858 

Amberjet 4200 
Langmuir 0.987 
Freundlich 0.906 

SYL-0830 
Langmuir 0.935 
Freundlich 0.970 

Özkan et al., 2017 (Our 
previous study) 

Waste orange peel 
Langmuir 0.8234 
Freundlich 0.9229 
BET 0.9798 

This study Waste orange peel 
Smoothing spline (Best 
model) 

0.9903 

 

4. Conclusion 
 
In this study, different nonlinear curve fitting models applied to experimental kinetic and isotherms data of Pd 
adsorption onto waste orange peel. Additionally, different linear models were also applied to kinetic studies. 
Results obtained from linear and non-linear regression methods were compared to determine the best fitting of 
isotherm and kinetic model to experimental data. Based on this fact, it is vitally important to emphasize that it 
would be not correct to decide whether a fitted mathematical model is efficient and promising only by considering 
R2 values. Therefore, the SSE and RMSE values should be taking into account as well as R2. According to results, 
Smoothing Spline model shows best fitting with higher R2 and lower SSE and RMSE values. Results indicate that 
using the curve fitting is not only efficient, but also an effortless process in terms of estimating the amount of 
adsorbed Pd with respect to varied amount of orange peels. As a further study, modeling equations would be 
applied to different metal adsorption studies. 
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